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Section 2:
Hyperbolic
functions

Definitions

Rules/theorems/
tricks

Even functions

Even Functions v
Afunction f is an even function if i

F0 = -0
Example
£ = cosx and fi(x

0dd functions

Odd Functions
A function f is an odd function it

f) = ~f(=x)

Example
f() =sinx and f(x) = x*

Addition formulae

Addition Formulae

} sinh(x+y) = sinhxcoshy +coshxsinhy
} cosh(x+y) = coshxcoshy+sinhxsinhy
} sinh(x—y) = sinhxcoshy— coshxsinhy
i cosh(x~y) = coshxcoshy - sinhxsinhy

Derivatives of
hyperbolic
functions

Derivatives of Hyperbolic Functions

a
Zloshn) = sinhx, xeR
sy = coshx, xeR
@

a 2

Z(tanhy) = sechy, xeR

4 (sechn) = -sechrtanhy, reR
lsechn) = sechrtanhx, ¥

a

5 (osechn) = —cosechxcothy, x€R\ (0]
% (cothx) =  —cosech’x, xeR\{0]

Hyperbolic cosine

We define the hyperbolic cosine
function:

coshx = %(.»w
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Properties

o cosh(0) = % 1+1)=1
(™ +e"

(
«cosh(-n) = 1 = coshx (even funcion).

2. Inverse hyperbolic cosine function: arccosh x
Restrict domain of coshx 1o be [0, o) to give a 1-1 function.
Then

domain arccoshx = range coshx = [1,00).

restricted domain cosh.x = [0, ).
% x21

range arccosh x

cosh(arccoshx)
arccosh(coshy) = x, x20.

We define the hyperbolic sine
function:

sinhx = %(?‘—(""), reR

Properties

esinh(0) = %1171;:0

o sinh(—x) = %(ru *) = - sinh x (0dd function).

Inverse hyperbolic functions

1. Inverse hyperbolic sine function: arcsinh x
Since sinh xis a 1-1 function

domain arcsinhx = range sinhx = R.
range arcsinhx = domain sinhx =

i x, xeR

x, xeR

arcsinh(
sinh(arcsinhx)
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Hyperbolic tangent

We define the hyperbolic
tangent function:

sinhx T
coshx
&

tanhx =

Properties

sinh(0)

+tanh(0) = 255

sinh(-x) _ —sinh(x) _

* ) = Coh) = cosh()

~ tanh.x (odd function).

3. Inverse hyperbolic tangent function: arctanh x
Since tanh.xis a 1-1 function

domain arctanhx = range tanhx = (-1,1).
range arctanhx = domain tanhx = R
tanh(arctanhx) = x, -1<x<1
arctanh(tanhx) = x, xeR.

Double angle
formulae

Double Angle Formulae

sinh2) = 2sinhxcoshx
cosh(2y) = cosh®x +sinh’x
cosh2y) =  2cosh’x—1
cosh) = 2sinh’x+1

Derivatives of
inverse hyperbolic

functions

Derivatives
A orcsinhy) = —— (eR)
ix a1
A a— 1
Fercoshy) = o >1)
2 farctanhy) = “1<x<n)
'

Each formula is derived using implicit differentiation or by
differentiating the logarithm definition of each function.

Sech

Cosech

1
cosechx = e X R\ {0}

y = cosech(x)
x

12 3
-1
-2
as
Coth x
g 1 coshx
€Y= fanhx ~ sinhx /
x€R\ {0}

Basic identities

Basic Identities

coshx—sinh?x = 1
coth’x = cosech’x
1-tanh®x = sech’x

Derivatives of
inverse hyperbolic
functions

Derivatives

d 1
Zrsinhy) = == (<R

d
flarccoshy) = @>1)

4 arctanh ) (1<x<1)
&

Each formula is derived using implicit differentiation or by
ditferentiating the logarithm definition of each function.

Inverse hyperbolic
functions as
derivatives

The inverse hyperbolic functions can be expressed in terms of
natural logarithms.

arsinhy = log(x+ Vi+1),  xeR

arccoshx = log(x+ Vi?—1), x21
1, (l+x

arctanhx = ilng(-—]f\, “1<x<1

We can also define inverse reciprocal hyperbolic functions:
o arcsech x O<x<1)
« arccosech x  (x#0)
e arccothx  (x<-lorx>1)
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