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Nonlinear interactions of multilevel atoms with a near-resonant standing wave
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Using a semiclassical density matrix formalism we have calculated the behavior of multilevel atoms inter-
acting with a standing wave field, and show how complex nonlinear phenomena, including multiphoton effects,
combine to produce saturation spectra as observed in experiments. We consider both 20-level sodium and
24-level rubidium models, contrasting these with a simple 2-level case. The influence of parameters such as
atomic trajectory and the time the atom remains in the beam are shown to have a critical effect on the line
shape of these resonances and the emission/absorption processes. Stable oscillations in the excited state popu-
lations for both the two-level and multilevel cases are shown to be limit cycles. These limit cycles undergo
period doubling as the system evolves into chaos. Finally, using a Monte Carlo treatment, these processes
average to produce saturated absorption spectra complete with power and Doppler broadening effects consis-
tent with experiment.@S1050-2947~99!00406-0#

PACS number~s!: 32.80.Pj, 42.50.Vk
i
bo
rt
f

tia
a

F

ra
i

s
rly

lly

o
n

re
th
e
o
m
he
ar

pl

th

s
-
a

icu

re
vel

ts
eri-

lex
la-
ider
py
ity
ese

e la-
sity
n

ism

arlo
gh

sity
rix
opu-

ar
dual
of

laser
tive
ex-
s,

ent
er a
s in
for
I. INTRODUCTION

The interaction of a strong standing wave with an atom
system has long been a topic of considerable interest for
theorists and experimentalists. This system is at the hea
many atom optics problems ranging from the workings o
gas laser@1–3# through saturation spectroscopy@4–8#, opti-
cal pumping@9–12# to laser cooling@13–15#. Early calcula-
tions considered systems of linear first-order differen
equations in which the atom is stationary or moving in
constant traveling wave field with no spatial dependence.
example Balykinet al. @10# treat atoms interacting with a
resonant incident traveling wave laser, via numerical integ
tion of the optical Bloch equations. This formalism is sem
classical, treating the incident light field classically, and i
direct extension of the two-level model of Allen and Ebe
@16#. More recently Farrellet al. @12# have extended this
approach to include all decay terms derived from a fu
quantized light field.

With the introduction of a standing wave, and atomic m
tion, we now have a system of coupled, first order differe
tial equations with harmonic coefficients@17#. The atoms,
moving with a thermal distribution of velocities, acqui
nonlinear electric dipole moments under the action of
field. Due to the standing wave influence the respective
ergy level populations do not achieve the steady state s
tion normally induced via relaxation. Instead these para
eters develop stable oscillatory motion indicative of t
system evolving into a limit cycle, the signature of nonline
dissipative systems@18#.

Analytic solutions are available for the case of a sim
traveling wave interacting with a two-level system@16#, and
approximate perturbation solutions have been found for
strong-pump weak-probe case@19–21#, in which the probe
beam is considered a perturbation to the traveling wave
lution. Pegg and Schulz@22# have solved the case for a two
level system with relaxation in a standing wave field via
series of basis transformations to rotating frames for part
PRA 591050-2947/99/59~6!/4485~9!/$15.00
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lar oscillation frequencies. However, if relaxation terms a
absent, there remains no analytic solution for the two-le
standing wave laser-atom interaction@23#.

Atoms commonly used in optical pumping experimen
have many coupled levels. For example, rubidium exp
ments typically involve 24 states, leading to a 24324 ele-
ment density matrix, and a system of 576 coupled comp
differential equations; approximation and numerical simu
tion are clearly necessary. The most recent work to cons
optical pumping effects in high resolution laser spectrosco
@8# is based on rate equations, applied in the low intens
regime so that coherence effects could be excluded. Th
coherence terms become of increasing importance as th
ser intensity is increased or in the case of equal inten
‘‘pump’’ and ‘‘probe’’ beams, and determine the evolutio
of the nonlinear laser-atom interaction.

We have developed a detailed model using the formal
of the semiclassical density matrix equations~SDE! @11,12#,
solved using standard numerical techniques and Monte C
methods. Initially we consider a single atom moving throu
a Gaussian standing wave with left-hand circular (s1) po-
larization. As the atom travels through the beam its den
matrix evolves according to the SDE. The density mat
then allows the calculation of parameters such as state p
lations, absorption and dispersion.

We show that this method allows calculation of nonline
processes such as multiphoton resonances and their gra
saturation as laser intensity is increased. The sensitivity
these processes to the path of the atoms through the
beam is also demonstrated. The effects of the dissipa
terms in both the two-level and multilevel systems are
plored. Variation of these terms can lead to limit cycle
period doubling, and chaos. Finally, a Monte Carlo treatm
is adopted to average these nonlinear processes ov
sample of paths and velocities representative of the atom
a vapor cell, to produce a saturated absorption spectrum
atomic rubidium that is consistent with experiment.
4485 ©1999 The American Physical Society



Rb;

4486 PRA 59O’KANE, SCHOLTEN, FARRELL AND WALKIEWICZ
FIG. 1. Energy level diagram for the 24-level 52S1/2 and 52P3/2 states of Rb87 and the 20-level 32S1/2,32P3/2 states of Na23. The energy
splittings are shown for Rb87 on the left, and for Na23 on the right. The excited state numbering is shown for the full 24 levels used for
the F50,1 excited states are omitted in the Na model.
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II. THEORY

We consider a multilevel rubidium or sodium syste
~Fig. 1! with excited and ground-state energy levelsue& and
ug& such thatEe2Eg5\v0, wherev0 is the resonant tran
sition frequency. Such an ensemble is readily described
an N3N density matrix@24# whose diagonals represent t
populations of the respective energy levels and whose
diagonal elements are proportional to the atomic dipole
ment;N is the number of states. The system is subjecte
two counterpropagating electromagnetic waves of the s
angular frequencyv, propagating in opposite direction
along thez axis, withs1 polarization relative to thez direc-
tion, the quantization axis. For a standing wave along thz
axis, the electric field can be described by

E5E cos~kz!„enexp~2 ivt !1en* exp~ ivt !…, ~1!

where the amplitudesE of the plane waves are real.
We first define the matrix element of the interacti

Hamiltonian in the dipole approximation as

Hab8 5 (
n561,0

Cab
n mE, ~2!

wherem is the dipole transition matrix element,Cab
n are the

Clebsch-Gordan coefficient for thea→b transition, anda,b
refer to ground and excited states, respectively.Een is the
electric field strength at polarizationen , wheren561 for
by

ff-
o-
to
e

s6 circular polarization, and 0 for linear polarization, r
spectively. The quantitymE is given by

mE5
\

t
A I 0

2I sat
, ~3!

where I 0 is the traveling wave laser intensity andI sat the
saturation intensity. For a Gaussian beam standing wave
similarly definemE8(r ,z), replacingI 0 with the laser inten-
sity given by

I ~r ,z!54I 0 cos2~kz!expS 22r 2

l rad
2 D . ~4!

I 0 is the peak laser intensity of a single traveling wave be
k52p/l laser wherel laser is the laser wavelength, andl rad is
the beam radius, set at 1 mm. Radiusr is the distance per
pendicular to the standing wave beam. The natural lifet
of the transition,t, is 16.237 ns for sodium@25# and 25.8 ns
for rubidium @26#.

The time evolution of the density matrix is given by

drab

dt
52 ivabrab2

i

\ (
g

~Hag8 rgb2ragHgb8 ! ~5!

to which we add phenomenological decay terms in the se
classical style@12,16#. For rubidium, there are 2425576
coupled differential equations, with coefficients that hav
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PRA 59 4487NONLINEAR INTERACTIONS OF MULTILEVEL ATOMS . . .
cosinusoidal dependence on time. We invoke the rota
wave approximation, defining slowly varying off-diagon
componentsr̃ab by rab5 r̃abexp(ivt) and eliminate terms
that oscillate at twice the optical frequency@16#. We also
exclude all off-diagonal terms that do not couple an exci
state to a ground state, that is whereDFÞ0,61 and~for s1

polarization! m̄11Þm. Note that the QED model of Farre
et al. @12# includes additional terms coupling between t
vertical coherences of the excited state levels. These
omitted since they are of crucial importance only in the
gime of very high laser intensity which for the case of r
bidium would require a laser intensity at least an order
magnitude greater than those we have considered. We
ignore coupling between magnetic sublevels of the samF

level as well as off diagonals that couple theF̄51 ground
state to the excited states. These terms become signifi
only at laser intensities that allow large power broadening
the F̄51,F50 ~rubidium model!, F̄51,F52 ~sodium
model! transitions such that the amplitude is significant
v0, or for two frequency pumping@27#. Finally Hermiticity
~i.e., rab5rba* ) halves the number of remaining equation
leaving the following final set of equations for the rubidiu
system:

F̄51 ground-state diagonals:

draa

dt
5

1

t (
n50,61

(
b59

17

~Cab
n !2rbb . ~6!

F̄52 ground-state diagonals:

draa

dt
52

mE8~r ,z!

\ (
b59

24

e11Cab
11Im~ r̃ab!

1
1

t (
n50,61

(
b59

24

~Cab
n !2rbb . ~7!

Excited-state diagonals:

drbb

dt
5

mE8~r ,z!

\ (
a54

8

e11Cba
11Im~ r̃ba!2

1

t
rbb . ~8!

Off diagonals:

dr̃ab

dt
5

imE8~r ,z!

2\
e11Cab

11~raa2rbb!

1 i ~vab2v!r̃ab2
1

2t
r̃ab . ~9!

The numerical solution of these equations is carried out
use of Runge-Kutta techniques with the initial populatio
evenly distributed among the ground-state diagonals and
other elements of the density matrix zero. Note that the
dius r and longitudinal positionz are not independent: the
are determined from the velocity and angle of the atom
trajectory. The time steps through the numerical routine m
be considerably smaller than the inverse of any of the ra
tive processes, i.e.,dt!G21,V21,D21 where G is the
atomic decay rate,V5mE8/\ the Rabi frequency, andD the
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total detuning including Doppler shift; thus we are limited
step sizes of approximately 0.1 ns. This is the main rest
tion in terms of computation time and, coupled with instab
ity induced by the spatially dependent driving terms due
the standing wave, makes the moving atom model very
tensive computationally.

III. MULTIPHOTON RESONANCES
AND THE SATURATION PROCESS

In the rest frame of an atomic ensemble moving with
given velocityvz , the applied standing wave field appears
a pair of counterpropagating traveling wave components
frequenciesv65v7kvz . Provided their frequency separa
tion is of order less than or equal to the atomic relaxat
rate, i.e.,

uv12v2u52kuvzu<Ge1Gg , ~10!

whereGe5Gg51/t are the excited and ground-state rela
ation rates, the field components couple parametrically, g
erating components of induced polarization at sideband
quenciesv6kvz /n, n51,3,5, . . . .These in turn react back
influencing the polarization at the fundamental frequencyv
6kvz . The sideband frequencies correspond physically
multiphoton resonances@Fig. 2~a!# and have been calculate
for two-level systems via perturbation techniques@21# and
continued fractions@4#, and for RF resonances, using Floqu
theory@28,29#. There are also even resonances@Fig. 2~b!# in
the populations i.e., 2,4, . . . ,n-photon transitions, resulting
from absorption of a photon from one of the compone
traveling waves simultaneous with stimulated emission i
the counterpropagating traveling wave. Energy conserva
dictates that these ground to ground-state transitions o
for zero velocity atoms: (v6kvz)2(v7kvz)50. After
briefly discussing the two-level case we provide calculatio
of these nonlinear processes for multilevel systems.

A. Two-level systems

For simplicity we first consider the case of a two-lev
atom moving through a Gaussian standing wave beam.
atom with given velocityv is fired at angleu, with respect to

FIG. 2. The first-order multiphoton transitions in the two-lev
model. ~a! corresponds to the laser being far from resonan
Through the absorption of two photons from one of the compon
waves of the standing wave fieldv1 simultaneously with stimu-
lated reemission of one photon of the counterpropagating fieldv2

the atoms may be excited from the ground to the excited state,
a Raman transition. It is because this process is related to stimu
emission that negative absorption~emission! may take place.~b!
represents the two possible Rayleigh processes which correspo
the even resonances in the diagonals of the density matrix.
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the laser beams, through a standing wave field ofs1 polar-
ization and the absorption is then calculated after the a
either exits the beam or after sufficient time has elapsed s
that the atom has reached stable behavior. We calculate
absorption as for a traveling wave, using Im$Tr(Cab

n rab)%.
For a standing wave, the absorption is more appropria
calculated from the state populations, as discussed in Se
but these hide many interesting nonlinear effects we wish
consider here.

The calculation is repeated for a range of initial velocitie
thus obtaining all possible absorptions for a given p
through the beam. In Fig. 3 we present the results of suc
simulation for a two-level atom modeled on theF̄52→F
53 transition for sodium with the laser intensity set at twi
saturation intensity (I 0512 mW/cm2), detuned from reso-
nance by 500 MHz (;300 m/s) at incremented angles
the beam. We clearly see the saturated primary resonan
well as the three- and to a lesser extent the 5-photon
cesses. The oscillations between positive and negative
sorptions correspond to the position of the atom in the sta
ing wave field at the time the measurement is taken
result from the atoms emitting and absorbing photons in
ferent regions of the field. The symmetry of the data res
from oscillations in the coherences as the atoms tra
through the modulated standing wave intensity. These os
lations are dependent on the strength of the relaxation te
as well as the trajectory through the beam, the beam inten
and the amount of time the atom spends in the beam. If
decrease the rate at which we increment each atom’s ve
ity, we can measure the full envelope of the absorption~Fig.
4!.

FIG. 3. Absorption versus atomic velocity for two-level sodiu

atoms. Two-level atoms, modeled on theF̄52 ground→F53 ex-
cited state transition in atomic sodium, are fired at velocity inc
ments of 1 m/s, respectively. The absorption is given
Im$Tr(Cab

n rba)% and is plotted against the atomic velocity. Th
internal structure evident in the absorption ‘‘envelope’’ is due to
sampling rate, which corresponds to the taking of a measureme
a particular point in the standing wave, while the symmetry ab
the absorption axis is due to induced dipolelike oscillation in
coherences due to motion through the nodes. The laser is s
twice saturation intensity (I 0512 mW/cm2) and detuned 500 MHz
from resonance. The angles considered arep/16,p/8,3p/16,p/4
and the clearly defined resonances correspond to 1, 3, 5, a
photon processes. The primary resonance is a linear process
provides a reference with which to analyze the absorptive/emis
nature of higher order nonlinear processes.
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The primary resonance is a linear process@21# while the
higher order resonances are a result of the nonlinear at
field coupling. By increasing the laser intensity toI 0
51 W/cm2 we see clear evidence of saturation at the p
mary and three-photon resonances as well as power br
ening~Fig. 4!. We also see an increase in the strength of
higher order resonances as well as resonances occurrin
atoms with large velocities due to nonlinear couplings of
field and atom. The lack of structure for slow moving atom
at velocities corresponding to the higher order processes
clear indication of intensity induced instability in the cohe
ences.

B. 20-level sodium

Next we consider a 20-level sodium model (F50,1 hy-
perfine levels omitted! in which atoms are fired through th
standing wave field at an angle ofp/8 to the direction of
propagation~Fig. 5!. The calculation for an atom is termi
nated when the trajectory carries it out of the laser path
after 200 lifetimes. At saturation intensity (I 0
56 mW/cm2) the 1-, 3-, and 5-photon processes are o
served with the 3- and 5-photon processes clearly emiss
As the laser intensity is increased the primary and terti
resonances becomes saturated. The strength of the 5-ph
resonance is also enhanced and saturated. A compariso
the p/8 path for the 2-level~Fig. 3! and multilevel~Fig. 5!
cases reveal the 3-photon process being of opposite s

-
y

e
at
t

e
at

7
and
ve

FIG. 4. Absorption versus atomic velocity. If we now decrea
the velocity increment to 0.1 m/s for thep/16 path ~upper! we
obtain a clearly resolved calculation of the absorption envel
with the primary resonance clearly saturated (I 0512 mW/cm2, 500
MHz detuned!. For 2-level atoms fired directly down the standin
wave field~lower! with peak intensity set atI 051 W/cm2 we again
see that the primary and 3-photon resonances have become
rated. Power broadening and strong resonance effects at velo
above the primary resonance induce nonlinear atom-field coupli
as indicated by the minor peaks. The absence of fine structure in
region of the 3, 5, and 7 photon resonances is clearly inten
dependent and indicates a high level of instability in the coheren
for slow moving atoms, induced via motion between the nodes
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This result is due to the absence of the extra coherence t
in the two-level model and is clear indication for the nec
sity of multilevel calculations when dealing with ‘‘real’’ at
oms. At 1 W/cm2 the 3-photon process becomes absorpt
while the 7-photon process becomes dispersive.

IV. STABILITY OF THE DENSITY MATRIX EVOLUTION

The coherences determine the behavior of processes
as absorption, dispersion, and polarization and it is impor
to have some understanding of the nature of their oscilla
behavior. Phase-space simulations of the 2-level Bloch v
tor equation reveal that the system initially obeys the ste
oscillatory behavior of a limit cycle. The Bloch vector
defined as (u,v,w) where@16#

u5~ r̃ab1 r̃ba!, ~11!

v5 i ~ r̃ba2 r̃ab!, ~12!

FIG. 5. Absorption versus atomic velocity for 20-level sodiu
atoms. The absorption for a 20-level sodium model with ato
selected at the same position~relative to any given pair of nodes!
and dipole moment in the field. The angle to the beamu is set at
p/8 and the laser detuned by 500 MHz. Laser intensities consid
are I 056 mW/cm2 ~upper!, 54 mW/cm2 ~middle!, and 1 W/cm2

~lower!. As for the two-level model we see the odd multiphot
resonances with the 3-, 5-photon processes clearly emissive a
posed to the 2-level calculation~Fig. 3, u5p/8) demonstrating the
influence of the related coherences. At 1 W/cm2 the 1-, 3-, and
5-photon resonances are saturated and the 5- and 7-photon
cesses enhanced. The 3-photon process is now clearly abso
while the 7-photon process is dispersive indicating intensity dep
dence in the higher order processes. The hyperfine resonan
present atI 056 mW/cm2 but is weak due to the small splitting~59
MHz! for the F52→F53 excited states. The 20-level sodiu
model omits theF50,F51 hyperfine states.
ms
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e
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w5~rbb2raa!. ~13!

As we reduce the rate of relaxation (G), equivalent to in-
creasing the laser intensity but much faster computationa
the limit cycle ‘‘unravels’’ until the system reaches full
chaotic behavior on the Bloch sphere~Fig. 6!. A suitable
transformation of variables such as first reported by Ha
@30# shows the system to be identical to the Lorenz equati
with cosinusoidal driving terms added@31#. This chaotic be-
havior in a self-oscillating system@32# was first reported by
Silverberg and Bar-Joseph@33# for the case of counter
propagating waves interacting in a third-order nonlinear m
dium and then extended to the two-level atom steady s
case@34#. There is also strong evidence that this system f
lows a period doubling route to chaos, but we have not
tempted to classify it.

In Fig. 7 we show theF53,mf53 excited state popula
tion for the 20-level sodium model at saturation intensi
We clearly see the stable oscillations of a period 1 lim
cycle, due to atomic motion through the nodes of the fie
The system evolves from Rabi oscillations through the o
cal pumping phase and steady convergence to stable be
ior. In phase space, we see stable orbits~Fig. 8!, indicating
the system has converged to a limit cycle inn-dimensional
parameter space, wheren is the number of differential equa
tions needed to parametrize the system. As we increase
intensity toI 0554 mW/cm2 it is evident that the limit cycle
has undergone period doubling with the associated coher
now displaying a complicated but stable orbit~Fig. 9!. At
I 051 W/cm2 the Rabi oscillations are very intense as e
dent in the large oscillations in the early stages of the ph
portrait ~Fig. 7!. As intensity is increased the number of p

s

ed

op-

ro-
tive
n-

is

FIG. 6. Parameter space plots of the two-level Bloch vec
equation for an idealized dimensionless atom showing the effec
a reduction in the relaxation terms. As the strength of the relaxa
terms are reduced the stable limit cycle induced by the coun
propagating fields unravels evolving to chaotic motion on the Blo
sphere for zero relaxation. This is in contrast to the traveling w
case~at zero detuning! in which the system oscillates at the Ra
frequency corresponding to evolution in a closed circle~geodesic!
on the Bloch sphere. The relaxation is reduced by factors of 1,
0.01, and 0 for~a!–~d!, respectively.



th
d
ti

he
rix
ifi
in

tri
e

ld
on
de
o

os
se
th
t

s
.
or
ap
t a

ng

n
c

ons
ys-
ue

ger
be
lar
s of

er-

m

e
odu-
odes

e
sed
ec-
the
orp-
tal

s
-

e

to

a-

it

i-
ter

e

of
the
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riods in the limit cycle also increases, as observed in
‘‘unraveling’’ of the two-level Bloch vector calculations, an
it is apparent that the system will ultimately become chao
for sufficiently large laser intensity. This is in part due to t
dipolelike behavior of the off diagonals in the density mat
where the period of the coherence limit cycles are sign
cantly higher and therefore more sensitive to intensity,
dicative of the time dependence of the off-diagonal ma
elements. The period doubling arises from intensity dep
dent oscillations caused by motion between the nodes.

Slowly moving atoms ‘‘see’’ the modulated laser fie
between the nodes, whereas fast moving atoms really
experience pertubations due to motion through the no
We note this effect for example in considering the effect
detuning for effectively on-resonance atoms; that is, th
atoms Doppler-shifted into resonance with the detuned la
If we contrast the oscillating standing wave case against
linear traveling wave case, for atoms Doppler-shifted in
resonance at various detunings, we see these oscillation
come more intense as the laser detuning is decreased
large detunings the oscillations decrease and the behavi
the populations for the atoms in the standing wave
proaches that of the traveling wave model. For resonan
oms at small detunings~i.e., slow atoms! however we find
the oscillations of the limit cycle are very large, causi
large variations in the final excited state populations.

If again we consider the two-level Bloch vector equatio
as we reduce the relaxation time we can observe indu

FIG. 7. SodiumF53,mf53 excited state population versu
time. With I 056 mW/cm2 ~upper! for an on-resonance atom trav
eling at 5.9 m/s~10 MHz detuned! down the field the large stabl
oscillations are induced by motion through the field nodes. AtI 0

554 mW/cm2 ~middle! a secondary oscillation is induced due
atomic motion between the nodes. Finally atI 051 W/cm2 ~lower!
large intensity dependent population oscillations are apparent.
e
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chaotic behavior in the coherences, while the populati
remain remarkably stable, as evident in the multilevel s
tem. This chaotic behavior evidently dissipates over time d
to the effect of the remaining relaxation terms but the lar
the instability in the system the longer the atom must
allowed to remain in the beam before some form of regu
behavior is attained. This behavior is analogous to the los
the fine structure in the 2-level case~Fig. 4! at high laser
intensity corresponding to chaotic evolution in the coh
ences for the higher order photon resonances.

V. FLUORESCENCE AS ABSORPTION

The traveling-wave absorption, normally calculated fro
the density matrix as Im$Tr(Cab

n rba)%, is determined by the
off-diagonal coherences,rab (aÞb). These terms averag
to zero in the standing wave because the atom sees a m
lated intensity as it passes through the nodes and antin
of the field @22#. We are concerned with averages over tim
periods corresponding to detector bandwidths typically u
in saturated absorption measurements, i.e., of order millis
onds. In this case, the total fluorescence emitted from
atoms is a more appropriate measure of the effective abs
tion @35,36#. We use the fluorescence normalized to the to

FIG. 8. F53,mf53 excited state population versus its deriv
tive: r(20,20) vs (d/dt)r(20,20) ~parameters as for Fig. 7!. After
initial Rabi oscillations and optical pumping a stable period-1 lim
cycle is reached at saturation intensity~upper!. At I 0

554 mW/cm2 ~middle! the effects of the higher intensity are man
fest in the sodium population limit cycle now having period-2 af

undergoing period doubling. TheF̄52,mf52 population displays
an inverse relation to theF53,mf53 population, as expected du
to the circular polarization. ForI 051 W/cm2 ~lower! the r(20,20)
population evolution for sodium clearly demonstrates the effects
amplitude modulation due to the standing wave. We note that
system settles into stable period-9 behavior.
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decay rate, calculated fromF5(bFb whereFb is the fluo-
rescence due to decay from a given excited stateb,

Fb5(
a

~Cab
n !2rbb . ~14!

For as1 circularly polarized field on resonance, the atom

are optically pumped into theF̄52,mf52 ground andF
53,mf53 excited states. The fluorescence is due to spo
neous emission only, so that for as1 circularly polarized
field we can regard the populations of the ‘‘pumped’’ sta
as a good measure of the total fluorescence and hence
sorption. Note that the Monte Carlo averaging of the at
trajectories means that the excited state population is m
sured at random times during the density matrix evoluti
and so the effects of the transients are incorporated.
validity of our choice is confirmed in Fig. 10 where we s
the characteristic line shape of the multiphoton resonan
and hyperfine structure in theF̄52,mf50,1,2 ground-state
populations for the 24-level rubidium system.

FIG. 9. r(8,20) coherence versus (d/dt)r(8,20) ~parameters as
for Fig. 7!. While the coherence oscillations are still stable a
symmetric at low intensity they are of a significantly higher ord
than the populations; i.e., initially at saturation intensity~upper! the
coherence limit cycle is of the same period as those of the pop
tions, however atI 0554 mW/cm2 ~middle! the coherence phas
portrait displays period 4, double that of the excited state pop
tion, indicating a higher degree of sensitivity to intensity. Sign
cantly atI 051 W/cm2 ~lower! the coherences are highly unstab
due to motion between the nodes with the system unable to r
stable behavior.
s
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ab-

a-
,

he

es

VI. ABSORPTION SPECTRA

In a typical experiment, such as the measurement o
saturated absorption spectrum, all of the nonlinear proce
described above are lost through the inherent averaging
all the atomic velocities involved. In order to test our calc
lation, we average over this velocity range to produce a t
oretical calculation of a power broadened and Dopp
broadened saturated absorption spectrum for the rubid
model.

The absence of nonlinear processes in the linear mo
~i.e., traveling wave case! allows us to reduce computatio
time dramatically by selecting only those atoms that are
or close to resonance with the incident beam. In the stand
wave case we must consider all atoms in the simulation
allow not only for power-broadening and saturated multiph
ton resonances but also for induced field-atom coupling
velocities far from resonance.

We generate a Maxwell-Boltzmann distribution of veloc
ties and random trajectories through the Gaussian beam.
laser is then set at incremented detunings and the den
matrix calculated and averaged for many atoms at each
spective detuning. TheF53,mf53 excited state population
is used as a measure of the absorption. Figure 11 shows
saturated absorption spectrum obtained for rubidium w
104 atoms per detuning and a maximum time in the be
of 200 lifetimes, at a peak beam intensity ofI 0
5500 mW/cm2. The hyperfine and crossover resonanc
are merged and shifted due to power broadening. This th
retical result is then compared to our own experimental

r

a-

-

ch

FIG. 10. F̄52,mf50,1,2 ground-state populations vers

atomic velocity in Rb87. Calculations for theF̄52,mf50,1,2 popu-
lations in atomic rubidium with the laser 500 MHz above resona
and intensities of I 051.65 mW/cm2 ~saturation! ~upper! and
1 W/cm2 ~lower!, respectively. We now see not only the res
nances due to multiphoton processes but the excited state hype
resonances are evident due to their large energy separations i
bidium.
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sults for approximately the same laser intensity. The exp
ment ~Fig. 12! uses a standard saturated absorpt
configuration.

In the case of a slow moving atom traveling at a sm
angle to the beam, we must arbitrarily decide when to ter
nate the calculation of the density matrix. Large oscillatio
in the populations at small laser detuning require many tim
more atoms to obtain resolution of the hyperfine and cro
over resonances. Thus the power broadened case was c

FIG. 11. Comparison of theory and experiment, showing theF
53,mf53 excited state population versus detuning for Rb87. The-
oretical calculation of saturated absorption spectra for rubid
with laser intensity set atI 05500 mW/cm2 thereby generating
large power and Doppler broadening effects. 10 000 atoms wi
Maxwellian distribution of velocities are fired at random anglesu
through the beam and their density matrices averaged. The m
mum time an atom can remain in the beam is 200 lifetimes and

laser is tuned to theF̄52→F53 transition. The strength and po
sition of the hyperfine resonances are consistent with experim
even for such small sample numbers. The experiment and th
data are displaced vertically for clarity. Typical statistical uncerta
ties of one standard deviation are shown at detunings of zero
1400 MHz.
s

i-
n

ll
i-
s
s

s-
sen

to minimize the number of atoms required to produce a w
resolved saturation spectrum. For saturation intensity
have been able to resolve the hyperfine and crossover r
nances in the sodium model, with the crossover show
clearly as expected.

VII. CONCLUSION

The nature of the atom-laser coupling for a multilev
atom moving through a standing wave field is highly co
plex. We demonstrate that the statistical averages usu
measured with such systems hide a rich variety of un
pected phenomena. The sensitivity of processes such as
tiphoton resonances to parameters like path and time of fl
has been seen to determine the line shape of the resona
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FIG. 12. Experimental configuration. BS5beam splitter, PD
5photodiode detector. Cell length 40 mm; temperature 22 °C.
neable diode laser with linewidth 300 kHz. The beam was elliptic
0.6 mm30.7 mm(1/e2), and circularly polarized, with I 0

'630 mW/cm2.
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