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Viscous flow between two plates AIP/123-QED

Axisymmetric viscous flow between two horizontal plates

Edward M. Hinton® ®
BP Institute for Multiphase Flow, University of Cambridge,
Madingley Road, Cambridge, CB3 OEZ, UK

(Dated: 4 June 2020)

The flow of viscous fluid injected from a point source into the space between two hori-
zontal plates initially filled with a second fluid of lesser density and different viscosity is
studied theoretically and numerically. The volume of the dense input fluid increases with
time in proportion to t*. When the fluid has spread far from the source, lubrication theory
is used to derive the governing equations for the axisymmetric evolution of the interface
between the fluids. The flow is driven by the combination of pressure gradients associ-
ated with buoyancy and pressure gradients associated with the input flux. The governing
equation is integrated numerically and we identify that with a constant input flux, the flow
is self-similar at all times with the radius growing in proportion to t'/2. In the regimes of
injection-dominated and gravity-dominated currents, we obtain asymptotic approximations
for the interface shape, which are found to agree well with the numerical computations. For
a decreasing input flux (0 < o < 1), at short times, the flow is controlled by injection; the
current fills the depth of the channel spreading with radius r ~ %2 At long times, buoy-
ancy dominates and the current becomes unconfined with the radius growing in proportion
to t3a+D)/8  The sequence of regimes is reversed in the case of an increasing input flux
(a > 1) with buoyancy dominating initially while the pressure associated with the injec-
tion dominates at late times. Finally, we consider the release of a fixed volume of fluid
(a =0). The current slumps under gravity and transitions from confined to unconfined

and we obtain asymptotic predictions for the interface shape in both regimes.
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Viscous flow between two plates

I. INTRODUCTION

The gravity-driven flow of a viscous fluid occurs in many industrial, environmental and geo-
logical settings. In these low Reynolds number gravity currents, viscous stresses play a key role
whilst inertial effects may be neglected. In many situations with an injected and an ambient fluid,
the problem is simplified because the geometry is ‘unconfined’. Examples include shallow flow
in a very thick porous medium and the flow of a dense viscous fluid over a rigid boundary'™.
The key idea is that the flow of the ambient fluid (for example, air or the host brine in an aquifer)
is unimportant and models need consider only the motion of the input fluid. However, in other
contexts, the geometry of the flow is ‘confined’. Examples include the injection of drilling mud in
the wells used for oil and gas extraction and geothermal power>~’, the storage of CO, in layered
sedimentary deposits®?, the evolution of magma chambers'? and the cleaning of channels!!. In a
confined geometry, the displacement of the ambient fluid, and hence the viscosity ratio between
the two fluids, may have a strong influence on the evolution of the flow!?. Even a single boundary

to the flow geometry can alter the scaling laws governing the spreading of a viscous fluid!?.

There has been extensive research on confined displacement flows in pipes with rectangular
and circular cross-sections for a wide variety of viscosity ratios in the case of miscible”'4-16 and
immiscible fluids!”-!°. Similar studies have been undertaken for the slumping of one fluid under
another in a confined porous medium>2°-22, There are many similarities between gravity currents
in porous media and viscous gravity currents and in this paper we draw on some of the physical
insights provided by previous work focused on porous media (for a more detailed discussion of

this analogy, see the review of Huppert>3).

In the case that viscous fluid is injected into a confined geometry, the flow is driven by the
combination of the pressure owing to injection and the buoyancy force whilst it is resisted by
viscous stresses and friction at the channel walls. The flow may initially behave as unconfined but
as the injected fluid fills the geometry, the displacement of the ambient fluid becomes rate-limiting
and there is a transition to confined behavior. Taghavi>* studied the role of slip at the walls and

there has also been investigation of the influence of walls with undulating shape®>-26.

The present paper considers the input of fluid from a point source into the space between
two horizontal plates, which is initially filled with a second fluid of lesser density and different
viscosity (see figure 1). We assume that inertia is negligible and that the fluids are immiscible.

The arising three-dimensional Stokes flow is laterally unconfined and axisymmetric. The transient
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Viscous flow between two plates

evolution of the interface between the immiscible fluids is controlled by the viscosity ratio and the
relative importance of the buoyancy force and the pressure owing to injection.

The two most similar previous studies are by Zheng e al.'> and Guo et al.?’. The former
considered the constant input of viscous fluid into a two-dimensional channel and showed that
the flow transitions from being unconfined and buoyancy-dominated to confined and injection-
dominated as the channel fills. Guo et al. showed that, in the context of a porous medium, if fluid
is injected at a constant rate into an axisymmetric geometry, there is no transition between regimes
and the evolution is self-similar and confined at all times. Both these studies focus on a constant
input flux.

However, in many applications the input flux varies in time or the injection may be periodic®.
Examples include pumping in biological organisms?°, subsurface fluid injection and extraction’?,
and the dynamics of magma chambers!®. The evolution of the interface is quite different to the
constant input flux case and we explore how the flow transitions from unconfined to confined or
vice versa, depending on the variation of the input flux.

There has much research on flow in Hele-Shaw cells, which is relevant to the present work.
These cells have a very thin gap width and the motion is often approximated as two-dimensional®!.
Experimental and theoretical analysis of the transverse structure of the flow in the case of miscible
fluids has shown that the gap-averaged concentration profile has growing rarefaction regions and
shock-like regions3>—34. We obtain similar behavior for an immiscible displacement in at thicker
channel in the regime where the flow is dominated by the input flux.

The no-slip flow condition at the top and bottom boundaries leads to a parabolic velocity profile,
with fluid in the center of the channel travelling fastest. It is possible for a dense input fluid to
predominantly migrate through the center of the channel and over-ride a finger of lighter fluid at
the bottom boundary>. However, a sufficient density difference between the two fluids ensures
that the dense fluid lies underneath the lighter fluid (and hence the interface remains monotonic)
and we assume this is the case herein!.

It is well-known that a fingering instability may occur when a less viscous fluid displaces a more

131

viscous fluid in a Hele-Shaw cell”". There has been extensive study on how such an instability may

be controlled and even suppressed by various physical ingredients including surface tension3®,
channel geometry?” and the injection rate®®°. In the case that the effects of surface tension are
negligible, the wavelength of fingers is proportional to the thickness of the cell into which fluid

is injected*”. The density difference between the injected and ambient fluids may also play a key
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Viscous flow between two plates

role in suppressing the viscous instability. Laboratory experiments by Pegler et al.® showed that
in a confined porous medium, the viscous instability has a negligible effect on the global behavior
of the current owing to the stabilizing influence of the hydrostatic pressure. In an unconfined
two-layer viscous gravity current, a sufficiently large density difference between the fluids may
suppress the viscous instability*!. Henceforth, we neglect viscous fingering effects but note that
they may play an important role if the density difference is small or if the input fluid is of much
lower viscosity than the ambient. It is worth noting that the present analysis could be used as a
base state for a study investigating the stability of the interface to viscous fingering. For example,
in the case of unconfined two-layer viscous gravity currents, the flow was found experimentally to
be unstable for particular viscosity ratios (Kowal and Worster *?), which motivated a perturbation
study of the base state to analyze the origin of the instability*'*3. Other examples where the base
state has been used to inform stability calculations include the fingering that occurs in inclined
viscous gravity currents** and the work of Mathunjwa and Hogg*’, which demonstrated the linear
stability of the similarity solution for porous gravity currents above a horizontal impermeable

boundary.

The paper is structured as follows. In section II, the governing equations for the evolution of
the interface between the two fluids is derived in the case that the volume increases as a power-law
function of time. We assume that inertia is negligible and that the pressure within the fluids is
hydrostatic. We identify a function of time that quantifies the importance of the input flux relative
to the buoyancy force. In section III, we introduce a numerical method for the governing equations
and present some results. These suggest that the flow is self-similar at all times in the case of
constant input flux and that there is a transition between confined and unconfined in the case of
a power-law varying volume. To provide insight into the influence of the physical ingredients of
confinement, injection, buoyancy and the viscosity ratio, we seek simplified asymptotic solutions
to the governing equations. In section IV, we obtain a similarity solution for the case of constant
input flux, which is accurate at all times. We approximate this solution in the regimes of injection-
dominated flow and buoyancy-dominated flow and show how the accuracy of our approximations
depends on the viscosity ratio.

In section V, we consider input fluxes that vary in time. In the case that the input flux increases,
the flow evolves in a self-similar fashion at early times when it is unconfined and buoyancy-
dominated. At late times, the flow is confined and there is an injection-dominated similarity solu-

tion. For a decreasing input flux, the situation is reversed, with the flow initially confined.
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(a)

r (l‘)

volume = gt

(b) r(t)

z=nh(nt)

FIG. 1. (a) Schematic for the injection of viscous fluid between two horizontal plates. (b) Radial cross-

section. The origin (r = 0, z = 0) is located at the input source.

We then consider the finite release of a fixed volume of fluid in section VI. The flow is always
buoyancy-dominated but transitions between confined and unconfined as it slumps. We investigate
the influence of the initial shape of the release on this behavior. In section VII, the results of the

paper are summarized and we discuss some important applications.

II. MODEL

The problem of interest concerns the flow of viscous fluid in the gap between two rigid hori-
zontal plates. We consider the injection of liquid of density p + Ap and viscosity u; from a point
source located on the lower plate. The impermeable plates are separated by a finite distance A
and the space is initially occupied by a second fluid of lesser density p and viscosity U, (figure
1). The flow is axisymmetric because the channel is isotropic and hence we use cylindrical coor-
dinates (r,z) with » = 0 corresponding to the location of the source. We assume that the fluids are
immiscible and we neglect surface tension. We denote the depth of the injected fluid by z = h(r,1).
In this paper, the viscous limit is taken; inertial forces are negligible in comparison to the viscous
stresses. For an incompressible Newtonian fluid, the fluid motion can then be described by the

creeping-flow equations®,
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Viscous flow between two plates

uVia;—Vp+(p+Ap)g=0,  V-u;=0, (1)
U.Viu, —Vp+pg=0, V.u, =0, )

in the injected and ambient fluids, respectively. Once the invading fluid has spread beyond a
horizontal distance / > hg from the source, the flow is predominantly in the radial direction and
the lubrication approximation may be applied. At early times, the shape of the fluid-fluid interface
may not have a small aspect ratio (see figure 2). However, at later times, the current becomes long
(I > hg) and the flow in the near-source region where vertical velocities may be significant has a
negligible influence on the global dynamics'-!3. In this paper, we include some early-time results
that have large aspect ratios because they help illustrate the dynamics of the flow. In the following
sections, we discuss the relevance of our lubrication model at early times in more detail. We
show that, provided the parameter A satisfies particular conditions, each of the early-time regimes
observed in figure 2 may occur with a small aspect ratio so that the lubrication approximation is
self-consistent.

When the vertical velocity is negligible, the pressure adopts a hydrostatic distribution given by

the following expressions

pi(r>z7t):P0_(p+Ap)gZ for OSZSh, (3)
Pa(r.z,t) = po— pgz—Apgh for  h <z <ho, 4)
for the injected and ambient fluids respectively, where py = po(r,¢) is the unknown pressure on the

lower boundary (z = 0). The Stokes equations (1), (2) are simplified by applying the lubrication

approximation to obtain*’

ap,‘ 82u,~
o7 = 'ui8_z2’ (5)
dpa 2%u,
o7 = “"a—zZ’ (6)

where u;(r,t) and u,(r,7) denote the radial velocities of the injected and ambient fluids, respec-

tively. The boundary conditions for the velocities are no-slip at the top and bottom boundaries,

ui=u, =0, at z=0,hg @)
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Viscous flow between two plates

and continuity of velocity and tangential stress across the interface between the two fluids,

Ui = Ug,
o N atz = h(nt). (8)
Mgy = a7y

Since the pressure gradients (equations 3 and 4) are independent of z we can integrate equations

(5) and (6) twice and apply the four boundary conditions for the velocities (7, 8) to obtain

. r 2Mho + (1 —2M)hhopi » +M(ho — h)*pa,r
Mi(",Z,l) :& ZZ_ [ 0 ( ) ] 0Pi, ( 0 ) Pa, z )
2u; [h+M(ho — h)|pi,
. W p;,— [Mh% — (M —2)h?
wlrzy) = Dar (2 M0 Ml (M 20 T
2q [h+M(ho — )] pa,r 10
_ ho®pi + hoh[(1 = M)ho + (M —2)h] pa
[h+M(ho—h)|par ’
where p; , = dp;/dr, par = dpa/dr are the pressure gradients and
M = u;/ g (11)

is the viscosity ratio. We consider the range 0.01 <M < 100. In this paper, capital letters are used
to denote dimensionless quantities and lower-case letters for dimensional quantities.

To close the problem, we must determine the unknown pressure gradients, dp;/drand dp,/dr.
We differentiate equation (3) and equation (4) with respect to r and then subtract the first from the

second to obtain the following equation relating the two pressure gradients,

dh
Apg&_ = Di,r — Pa,r- (12)
-
Mass conservation provides a second relation. Injection begins at t = 0. We consider sources of

fluid of strength such that the volume of fluid injected is

ro(t)
/ 2nrhdr = qt* (13)
0

where @ > 0 and r(¢) is the leading contact point of the current; h(ry(z),t) = 0 (figure 1). Mass
conservation of the injectate (13) can be recast as a condition on the total flux across the channel

(for r > 0),

h ho o l-a—l
/ uidz—l—/ Ugdz = el . (14)
0 h 2nr

7



Viscous flow between two plates

167 We substitute the expressions for the radial velocities (9), (10) into this flux condition to obtain a
s second equation relating the pressure gradients, p, », and p; ,. This relation is solved together with

160 equation (12) to obtain the following expressions for the pressure gradients,

12[h+M(h0 _h)],ui thla_l

Pir= —

b(M, hg, h) 2mr

2 212 4 2 (15)

+[h —M(ho—h)*]* — h* + Mh(4ho + h)(ho —h)* , ' O

b(M, ho, h) PE3;

oh
Payr = Dir +Ap85a (16)
170 where

b(M ,ho,h) = [h* — M(ho — h)*]* +4Mh3h(ho — h). (17)

i1 We use these relations to obtain the equation governing the evolution of the flow depth. Local

172 mass conservation for the injected fluid takes the form

oh 0 h(rt)
r = <r/0 ui(r,z,t)dz> . (13)

173 We use our expression for the velocity of the injectate, u; (9), and the pressure gradients, (3)
172 and (4), to transform equation (18) into an advection-diffusion type equation for the depth of the

ws current, z = h(nt),

oh  aqt®* ' 9 [ W?(3Mh3+h[(1 —M)h—2Mhy))
r=-+
ot 2 dr

ar b(M,h(),h)

Apg 9 ( Mrh*(ho—h)*((1 —M)h+Mho) dh (19)
3u; dr b(M, hy,h) ar |

e To complete the mathematical description, we require initial and boundary conditions. Injection

177 begins att =0 so

h(r,0) = 0. (20)

w7s At the contact point along the lower plate, r = ry(¢), the boundary condition is

h(ro(t),1) = 0. @1

8
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To calculate the boundary condition at » = 0, we first differentiate the mass conservation equation

(13) with respect to time. Then applying (21), we obtain

ror)
/0 ’ 2nr§—i’ dr=oqr® . (22)

By integrating the governing equation (19) between r = 0 and r = ry(¢) and applying (21) and

(22), we obtain the boundary condition at r = 0,

aqt®' h? (3Mh% + h[(1 —M)h —2Mhy))
27 b(M , ho,h)

_ Apg MriY (hg —h)* ((1 = M)h+Mhg) oh _agr®!

3 b(M, ho, h) or| ~ m
r=

(23)

A. Non-dimensionalization

We scale the horizontal and vertical coordinates with the depth of the channel, iy3. We use the

timescale

34
Io = ’
Apgho
which is the timescale for a gravity-driven viscous fluid to propagate a distance Ag. It is indepen-

(24)

dent of the input flux. We introduce the following dimensionless variables

H:h/h(), R:r/h(), T:l‘/l‘(). (25)

The dimensionless form of equation (19) is given by

oH a1 O [H*{(BM+H[(1-M)H-2M]}\ _
Ror AT 8_R< B(M,H) B
0 ( MRH*(1—H)*[(1-M)H +M)oH Y
OR B(M.H) ok |» 49
where

_ oqly

= 27
27h] @7
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Viscous flow between two plates

and

B(M,H)=[H?>-M(1—H)*)?+4MH(1—H). (28)

Note that in the case of equally viscous fluids (M = 1), this reduces to B(1,H) = 1. The right-hand
side of (26) is a diffusive term that arises from gradients of the hydrostatic pressure associated
with buoyancy forces whilst the second term on the left-hand side is advective and is associated
with the injection. The parameter A represents the dimensionless volume of fluid injected in the
time interval [0,¢y], where f; is the gravity-driven timescale. The prefactor AT*~! quantifies the
relative significance of injection, it is the ratio of the input flux, otgr®~! to the flux associated
with buoyancy, 27z:h(3) /to. In the special case of constant input flux (o = 1), this ratio is equal to
A and is independent of time. For a # 1, the relative significance of injection and buoyancy is
time-dependent because the input flux varies.

The dimensionless form of the mass conservation condition (13) is given by

Ry(T) AT?
/ ’ RH AR = ; (29)
0 (04

where Ry(T) = ro(t)/ho is the position of the leading contact point. Fluid input begins at ¢ = 0,

which yields the following initial condition

H(R,0) =0. (30)

The boundary condition at the leading contact point is given by

H(Ro(T),T) = 0. 31)

The dimensionless boundary condition at R = 0 is obtained from its dimensional analogue (23),

ra-i H*{3M +H[(1 —M)H —2M]}

A B(M,H)

_ MRH’(1-H)*[(1-M)H +M] 0H

_ a—1
B(M,H) ar AT, (32

R=0

which is associated with mass conservation (29). When the channel is flooded fully by the input
fluid, this boundary condition reduces to H(R = 0,7) = 1. We note that in the fully-flooded region

in which H = 1, we recover Poiseuille flow with dimensionless velocity given by

10
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Viscous flow between two plates

6AT* !

i=——(1-2)Z. (33)
R

We next illustrate some aspects of the flow in the injected and ambient fluids in the interface

region where 0 < H < 1. The dimensionless fluxes in the two fluids in the case of equal viscosities

(M = 1) is obtained from (9), (10), (15), (16),

H AT*'H?(3-2H) s0H

Qi—/o UidZ = R —H’(1-H) L (34)
1 a—1/1 _ 2

Qa:/ Updz = AU ZHAH2H) | s g8 (35)
H R oR

The first term in the fluxes arises from the injection, whilst the second term is associated with
buoyancy. In the injected fluid, both terms are positive (since dH/dR < 0). In the ambient fluid,
the flux associated with injection acts outwards but buoyancy acts in the opposite direction. The
flux in the ambient fluid is towards the source if

ATO‘_I
R

(1+2H)<H3(1—H)(—3—Z>, (36)

for equally viscous fluids (M = 1). We note that in the case of zero injection (A = 0), the flux in

the ambient fluid is always towards the source.

III. NUMERICAL RESULTS

The advection-diffusion equation (26) with boundary conditions (31), and (32), and initial
condition (30) was integrated numerically using the finite difference scheme of Kurganov and
Tadmor*®, for details see Appendix A of Zheng et al.*®. The results for a constant input flux
(a = 1), an increasing input flux (o¢ = 2), and a decreasing input flux (a = 1/2) are shown in the
three panels of figure 2, from early to late times. In figure 2, the parameter values used are A = 1
and M = 1 to illustrate the time evolution for different values of the exponent «.

Figure 2a shows that for a constant input flux (¢ = 1), the solution is self-similar at all times
with the radius growing as R ~ T1/2. In this case, the ratio of the advective and diffusive terms
in equation (26) is a constant, A. Thus, the importance of injection relative to gravity-driven
slumping is independent of time. In section IV, we study how the self-similar interface shape is

controlled by the magnitude of A and the viscosity ratio M in the case of constant input flux.

11
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(a)
Z 4 a=1
(b) 1 . |
Z 05+¢ 1 a=2
O L 1 |
1073 10° 103
R
(© 1 B —
Z 05F T—10 Ja=1/2
O L P N PR 'R | A A R |
10! 10° 10! 102

FIG. 2. Thickness of the injected current in a confined axisymmetric channel for: (a) a constant input flux
(a = 1), (b) an increasing input flux (o = 2), and (c) a decreasing input flux (& = 1/2). The results are
calculated numerically as described in §III with A =1 and M = 1. The interface is shown at T = 1074,
1072, 1, 102, and 10%, and in (c) the extra solution at 7 = 10° is included to illustrate the transition to an
unconfined current. (a) The solution is self-similar at all times with R ~ TY? and H ~ 1. (b) At early
times the flow is unconfined with R ~ TG*+1)/8 — 77/8 and H ~ T(@~1/4 = T1/4 <« 1. As the input flux
increases with time the current transitions to a late-time similarity solution with R ~ T7%/2 =T and H ~ 1.
In (c), the situation is reversed because the input flux decreases with time and the current transitions from
confined at early times with R ~ T%/2 = T'/4 and H ~ 1 to unconfined with R ~ TG%+1)/8 = 75/16 apq

H ~ T@1/4 = 7-1/8 « 1 at late times.

For an increasing or decreasing input flux, the importance of the gravity-driven slumping rela-
tive to the pressure associated with injection is time-dependent. In the case of increasing input flux,
the advective term in equation (26) grows in time; at early times the diffusive slumping dominates
and at late times injection dominates. This is illustrated in figure 2b. The dominance of the slump-
ing leads to a thin, unconfined current at early times. As the input flux increases, the depth of the
current grows until it transitions to a confined flow primarily driven by injection. The dynamics

are reversed for the case of decreasing input flux (see figure 2c). We study these regimes in detail

12
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Viscous flow between two plates

in section V and we find similarity solutions in the injection-driven and buoyancy-driven limits.
Although, the early time interface shapes may not satisfy the lubrication approximation, they are
included because they assist in understanding the dominant physics associated with the governing
equations and illustrate how the flow transitions from injection-driven to buoyancy-driven or vice

versa.

IV. CONSTANT INPUT FLUX (o = 1)

In the special but important case of a constant rate of injection, the relative significance of the
advective and diffusive terms in equation (26) is time-invariant; both terms scale with R~ 1. The
full governing equations have an exact similarity solution with R? ~ 7' which we obtain below. We
then study the regimes in which the force associated with the constant input flux is large (§IV B)
or small (§IV C) relative to gravity, corresponding to A > 1 and A < 1, respectively. In both
regimes, we obtain asymptotic predictions for the shape of the interface that agree well with the

numerical results (see figure 3).

A. Similarity solution

The interfaces in figure 2a indicate that in the case of a constant input flux the interface shape
is self-similar at all times with R ~ T/2. This scaling may be obtained by inspecting the terms in
equation (26). The second term on the left-hand side and the term on the right-hand side both scale
as O(R™1), and balancing these terms with the time derivative leads to R ~ T1/2. The scaling is
also associated with mass conservation (29) because the volume of the current (V ~ R?) increases
in proportion to AT.

This observation motivates introducing the similarity variable 1 = R?/(AT) and writing

H(R,T) =Y(n). Equation (26) can be recast in terms of n and Y

dn B(M,Y)

dr _d (Y?(BM+Y[(1-M)Y—2M)])
nﬁjden( )

MY (1=0)3((1 =M)Y +M) dY
( BOLY) E)' (37)
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(a) 1
0.8+
0.6+

04r —— A=100 :
—— A=10 :

(b) — .
0.8} )
0.6} _
040 —

021 ~— ]

—— : I
1
3

\ 1 1 Y

4 5

R/(AT)'/?

FIG. 3. The thickness of the injected current in the case of constant input flux (o = 1) and equally viscous
fluids (M = 1) in terms of the similarity coordinate, R/ (AT)I/ 2. The numerical results are plotted as black
lines. (a) For a relatively high input flux (A > 1), the interface shape is well-approximated by the asymptotic
prediction (red dotted line) of §IV B for which the diffusive term is neglected. (b) For a relatively low input
flux (A < 1), the current occupies a thin region of the channel and buoyancy dominates. The asymptotic
prediction of §IV C shows excellent agreement with the numerical result for A = 107>, Note that for A < 1,

the asymptotic solution in these coordinates depends on A.
The boundary condition at the leading contact point (equation 31) becomes

where 19 = Ro(T)?/(AT) is a constant representing the position of the leading contact point in the
similarity coordinate. To solve equation (37) numerically, a second boundary condition at n = 1

is required, which we determine by letting T — O to obtain the leading order behavior near 7y,

1= ) ﬁ__4 (39)

1/3
3/\(710—17)] ar A
’ 4 4

—2/3
3A(10 — n)] |

The unknown position of the contact point 1g is determined with an iterative shooting scheme
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using the mass conservation constraint (29) in terms of the similarity coordinate,

No
| xman =2 (40)

The numerical solutions to the system (37, 39, 40) agree with the finite-difference integration of
the full governing equations at all times. This is because the system is self-similar at all times. In
particular, the similarity solution is an exact solution for arbitrarily small times because the initial
condition H(R,0) = 0 is in the solution space of the self-similar form of the governing equations.
Thus, H(R,T) is identically equal to Y(n) at all times. Guo et al.?’ found the same result for
constant input flux into a confined axisymmetric porous medium. There is no transition period in
the case of constant input flux because the relative importance of the advective and diffusive terms

18 constant.

We note that although the similarity solution is an exact solution to the formulated governing
equations at all times, the model predicts that the current has not spread far from the input point at
early times. Thus the lubrication approximation is violated at early times. However, the similarity
solution does apply to the physical problem at later times when the injectate has spread further. The
extent of the current is R ~ T1/2 and its thickness is independent of time, H ~ 1. The lubrication
approximation applies when R/H = r/h>> 1, so we find that the model is valid for T > 1, provided
that A is of order unity. In the regimes of large and small A, the dimensionless time, 7', at which

the lubrication approximation applies depends on A, which we discuss below.

In the next two subsections, we find approximate solutions in the regimes of A> 1 and A < 1
by neglecting the diffusive or advective term, respectively. The resultant simplified equations and
their solutions provide insight into the physics governing the flow by isolating one of the key
physical ingredients: pressure owing to injection or gravity-driven slumping. In addition, the
approximations enable the influence of the viscosity ratio on the motion to be determined. Figure
3a shows how the interface shape behaves in the regime A > 1. Figure 3b shows the behavior for
A < 1. In each panel, the red dots show our asymptotic approximations and the black lines are

obtained from the numerical method.
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(a) (b)
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FIG. 4. Evolution of the interface in the case that the pressure associated with injection dominates (A > 1).
(a) Illustration of the ‘equal area’ rule. The position of the shock (vertical line) is chosen so that the green
area equals the blue area, which corresponds to mass conservation (40). (b) The shape of the interface
according to the numerical solutions to equation (37) with A = 100 for three values of the viscosity ratio,
M (black lines). There is excellent agreement with the A > 1 asymptotic prediction (equation 46, red dots)

for which the term associated with gravity-driven slumping is neglected.

230 B. Injection-dominated regime (A > 1)

290 In the regime A > 1, the flow is dominated by injection and the role of the gravity-driven
201 slumping of the injectate is negligible. This motivates the following approximate equation

oH J (H*BM+H[(1-M)H—-2M])\
R&—T+A8—R( BOLH) =0, (41)

202 where the diffusive term in (26) has been neglected. In terms of the similarity coordinates, n =

s R?/T and Y(n) = H(R,T), this can be rewritten as

2

o

dr\ dY
— 2— | —=0 42
< n+ dY) an =% (42)
200 Where 5
Y{3M+Y|(1-M)Y —2M
B(M,Y)
205 18 the flux function. Given that dY/dn = 0 leads to a trivial solution, equation (42) becomes
dr
=2—. 44
=23 (44)

206 For isoviscous fluids (M = 1), this reduces to
n=12Y(1-Y), (45)
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from which we observe that the depth, Y (7)), is multivalued. This solution is associated with
heavy injectate lying above less dense ambient fluid (the blue area in figure 4a). Such behavior
is inconsistent with the derivation of the governing equations in section II where we assumed
that the sharp interface is a single-valued function of radial distance. The interface shape (45)
corresponds to the case in which the two fluids have the same density because the term associated
with buoyancy has been neglected. The solution is identical to a pressure-driven Poiseuille flow in
which the flow speed is fastest in the center of the channel and decays to O at the top and bottom
boundaries owing to the viscous drag there. In the case that the input fluid is more dense, we
anticipate that buoyancy forces drive the injectate in the middle of the channel down towards the
bottom boundary>?,

To overcome the multivalued behavior, we seek a weak solution (with a discontinuity). There
is a shock across the lower part of the channel, whose location is determined by mass conservation
(40) and continuity of the interface. This is illustrated in figure 4a; the vertical shock is positioned
so that the blue region and the green region have equal areas. In the case M = 1, the shock position,
ns = 9/4 and magnitude, Yy = 3 /4 can be obtained analytically. When M # 1, the shock position
is found using an iterative procedure in which the blue and green areas are calculated numerically.
Mathematically, the shock arises because the flux function F(Y) is neither concave nor convex,
and the characteristics of the first-order equation (41) cross in ¥ < Y. The solution cannot be
determined here and a weak solution must be sought’!.

The interface shape is given by

n— nzFOSYgYs 46)

204 <Y<

There is a region of fixed extent and a region that grows in time. Figure 4b shows these compound
rarefaction-shock solutions as red dots for three values of the viscosity ratio, M. The numerical
results for A = 100 (black lines) show good agreement with the asymptotic solutions. For a lower
viscosity ratio (M) the shock height is reduced and the current has greater lateral extent. A cur-
rent of relatively lower viscosity runs further along the base of the channel because this requires
displacing less of the viscous ambient fluid which provides resistance to flow. Similar dynamics
occur in the case of injection into a confined porous medium?®?°.
Finally, we calculate the time at which lubrication theory is applicable. The extent of the current

is Ry ~ (AT) 1/2 and the thickness is H ~ 1 so the ratio, R/H is large at times satisfying 7 > A=,
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(a)

(b) 2.5 T T T T T

FIG. 5. Evolution of the interface in the buoyancy-dominated regime, in scaled similarity coordinates. The
asymptotic solution for small A, found in section IV C, is shown in red dots. (a) The numerical results for
isoviscous fluids and three values of A. There is excellent agreement for A = 1075, (b) The effect of the
viscosity ratio in the case that A = 107>, The accuracy of the asymptotic solution increases strongly with

MuptoM ~ 1.
C. Buoyancy-dominated regime (A < 1)

In this section, we seek a simplified analytic solution in the case that buoyancy dominates
ALK

The flow is controlled primarily by the gravity-driven slumping of the injectate. We neglect the
term associated with the pressure owing to injection in equation (26), which yields the approximate

equation

OH 9 (MRH3(1—H)3((1—M)H+M>a_H>, 47)

oT ~ 9R B(M,H) OR
The numerical solutions in figure 3b demonstrate that in the limit A < 1, the current occupies a
thin region at the base of the channel. This motivates linearizing (47) in H, taking H < 1 and
|(1—M)H| < M, which correspond to the regime of a thin and unconfined current for which the

motion of the ambient fluid has a negligible influence on the evolution of the injectate. By applying
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these approximations to equation (47), we obtain

oH d [ i0H
Rﬁ =g <RH ﬁ) . (48)

Note that the viscosity ratio, M is absent from this equation, which is as expected for unconfined
flows. The diffusion equation (48) has been previously studied by Huppert! who derived it as
the governing equation in the case of viscous flow over a rigid horizontal boundary for a power-
law varying volume. He found that equation (48) together with mass conservation (29) and the
boundary condition at the leading edge (31) admits a self-similar solution, which we outline below
for the special case of constant input flux.

The input flux is constant and so the scalings are as before: R ~ T'/2 and H is a function of
R/ T'/2 only. To balance the terms in equation (48) and eliminate A from the mass conservation

equation (29), we use the following variables
= A_3/8RT_1/2, and H = Cg/3A1/41//(s), (49)

where s = {/{y = R/Ro(T). The constant {y and the shape function, y(s) are to be determined.

The diffusion equation (48) is recast as
269°y) +57y =0, (50)

with (1) = 0. Mass conservation can be rearranged to obtain the following expression for the

| ~3/8
&= (/0 sl//(s)ds) ) (51)

Equation (50) is second order and requires a second boundary condition. Letting s — 1~ and

contact point

v — 0, gives the following leading order behavior
yis)=(3/2)'(1-9"7 y(s) =187 (1 -9, (52)

which provides the two boundary conditions near s = 1. Equation (50) is solved numerically with

these boundary conditions and we find that {y = 1.424. The front location is given by
Mo = Ro/(AT) = GGA Y%, (53)

The shape, y(s), is plotted with red dots in figure 5. The numerical solutions to the full governing

equations are also plotted in the s, y(s) coordinates. Figure 5a, in which M = 1, demonstrates
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FIG. 6. The position of the leading contact point, 1y = R(Z) /(AT), as a function of the parameter A for
three values of the viscosity ratio, M in the case of constant input flux (& = 1). The scatter points represent
numerical results. In the regime A > 1, injection dominates and the location of the contact point depends
only on M as discussed in §1V B. The asymptotic predictions in this regime are shown as dotted lines. In
the regime A < 1, buoyancy dominates and the asymptotic prediction of §IV C, 1o = COZA_I/ 4 is plotted as

a dashed line. The agreement improves with increasing M up to M ~ 1 as discussed in the text.

that the agreement between the similarity solution and the full numerical results improves with
smaller A, as expected. However, the comparison suggests that A must be very much less than
1 for the asymptotic solution to be a good approximation. The agreement also depends on the
viscosity ratio, M, as shown in figure 5b, where A = 107>. The agreement improves with larger
M up to about M ~ 1. We investigate how the accuracy of the A < 1 asymptotic solution as an
approximation depends on the parameters A and M more formally below.

The scalings (49) suggest that the current thickness scales as H ~ A4 The approximate
equation (48) assumed the flow is unconfined and in particular H < 1 and |(1 —M)H| < M. For
M < 1, these conditions are equivalent to A < M*, whilst for M > 1, the corresponding condition
is A < 1. Therefore, the agreement between the numerical results and the similarity solution
increases with M up until M ~ 1, whilst the agreement improves weakly with decreasing A since
H ~ AY*. The dependence of these conditions on the viscosity ratio can be interpreted physically
as follows. In the case that the input fluid is of relatively very low viscosity (M < 1), the accuracy
of the similarity solution is limited by the assumption that the displacement of the ambient fluid
is unimportant. Thus, the agreement is improved with a less adverse viscosity ratio. In the case
that the input fluid is much more viscous than the ambient, the displacement of the ambient fluid

is less significant and the agreement is limited predominantly by the requirement that the current
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is thin. Hence for M >> 1, the agreement is insensitive to increases in the viscosity ratio, M.

The results of this section are summarized in figure 6, which shows the location of the contact
point in similarity coordinates, 19 = R% /(AT), as a function of the parameter A for three values
of the viscosity ratio, M. The numerical results are shown as scatter points, whilst the asymp-
totic predictions for injection- and buoyancy-dominated evolution are shown as dotted and dashed
lines, respectively. There is excellent agreement between the numerical results and asymptotic
predictions in the relevant regimes.

The time at which lubrication theory is applicable is different for the present case of A < 1 from
the previous section. The extent of the current is Ry ~ A3/8T1/2 and the thickness is H ~ A!/* so

the ratio, R/H is large at times satisfying 7' > A4

V. INCREASING OR DECREASING INPUT FLUX («x # 1)

In the present section we consider input fluxes that vary in time such that the volume of fluid
is given by a power-law function of time (equation 29). In the case where the input flux decreases
in time (@ < 1), the flow is confined and dominated by the pressure associated with injection at
early times whilst at late times, the gravity-driven slumping of the fluid dominates and the current
is unconfined. In the case of an increasing input flux (@ > 1), the situation is reversed (see figure
2). This behavior contrasts with the case of a constant input flux (a = 1) for which the relative
importance of injection and gravity is independent of time but controlled by the parameter A, as
described in the previous section.

To study the varying input flux case, we first note that when o # 1, the independent variables,

T and R, may be rescaled to remove A from equation (26) with

T =A@ D7 R=AVHe-UR, (54)

The governing equations are recast as

RH a1 0 <H2(3M—|—H[(1 — M)H — 2M]))
B(M,H)

S

MRH?(1—-H)*((1-M)H +M) 0H s
B(M,H) k) ©

and
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FIG. 7. Interface evolution for a varying input flux with A =1 and M = 1. In (a) and (b), the input flux
decreases with time (@ = 1/2). In (c) and (d), the input flux increases with time (ot = 2). The injection-
dominated similarity solution of section V A is shown as red dots in (a) and (d). The flow is dominated by
the pressure owing to injection at early times when @ < 1 and at late times when o > 1. Similarly, in (b)
and (c) the gravity-dominated solution of section V B is shown as red dots. The flow is dominated by the

gravity-driven slumping at late times when o < 1 and at early times when o > 1.

) (56)

which is equivalent to the original governing equations but with tilde variables and A = 1. Thus,
solutions to the original governing equations may be found for any value of A by solving in the
case A =1 and then rescaling R and T as necessary. Therefore, in this section, we restrict our
attention to A = 1 (and drop tildes). The rescaling (54) also has implications for the relevance
of the lubrication approximation. The early-time regimes for & # 1 do not have a small aspect
ratio in the case A = 1 (see figure 2b and figure 2c) but these early regimes can occur with a small
aspect ratioif A< 1 and ¢ > 1 orif A>> 1 and o < 1 since A # 1 corresponds to rescaling the

radial coordinate.
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A. Injection-dominated regime

In the present section, we obtain a similarity solution for the current evolution in the case that
injection dominates and the flow is confined. This similarity solution is valid at early times in
the case of a decreasing input flux and late times in the case of an increasing input flux. It is a
generalization of the injection-dominated behavior that occurs for a constant input flux (§IV B).
The rate at which fluid is injected is proportional to 7%~! and the advective term in the governing
equation has the same scaling. For a decreasing input flux (¢ < 1), this term is large at early times
and for an increasing input flux (¢« > 1), this term is large at late times. In both cases we anticipate
that the term on the right-hand side of equation (55) is negligible in comparison to the second term
on the left-hand side. We neglect the contribution from buoyancy in the governing equation and

obtain

oH o (H*3M+H[(1-M)H—2M
aT JdR B(M,H)

Figure 2 suggests that the current is confined and the channel is fully-flooded in this regime and

hence H ~ 1. Then balancing the two terms in (57) and using mass conservation motivates the

similarity variables, ¥ = aR?/T% and H(R,T) = ©()). These transform equation (57) to

dF \ d®
(‘“2%)@:0 (58)

where F(H) is given by equation (43). As in section IV B, the solution is

dF
X=25 (59)

To find the position of the shock, we use the equal area rule, with mass conservation given by

X0
| et =2. (60)

where yo = oRy(T)?/T% is a constant corresponding to the contact point. Equation (59) and mass
conservation (60) are the same as those found for constant input flux in section IV B and hence
the interface shapes in terms of the similarity variable, y, are identical to those in figure 4b, which
illustrates the role of M.

The numerical solutions to the full governing equations for early times and a = 1/2, and late
times and o = 2 show good agreement with the asymptotic solution in figure 7a and 7d with

M=1.
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FIG. 8. Location of the leading contact point of the current, Ry, as a function of time in the case (a)
o = 1/2, a decreasing input flux and (b) & = 2, an increasing input flux. In both cases, M = 1 and A = 1.
The numerical result is plotted as a continuous red line. The buoyancy-dominated behavior for which Ry ~
TGat)/8 g plotted as black dotted line, whilst the injection-dominated behavior for which Ry ~ T%/2 is
plotted as a black dashed line. For o = 1/2, the evolution transitions from injection-dominated to buoyancy-

dominated and for @ = 2 the sequence is reversed.

B. Buoyancy-dominated regime

In the previous section we showed that the similarity solution at early times for o < 1 has the
same form as the similarity solution at late times for & > 1. In the present section, we consider the
other regime in which buoyancy dominates which corresponds to late times when the input flux is
decreasing (¢ < 1) and early times when the input flux is increasing (& > 1). These regimes are

demonstrated in figure 2b and figure 2c.

Buoyancy forces dominate when there is a relatively low input flux. The current occupies a thin
region above the lower plate and the flow is approximately unconfined. This situation corresponds
to the buoyancy dominated regime for constant input flux (see figure 3b). We therefore follow

similar analysis to section IV C and first neglect the term associated with the pressure owing to
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injection and assume H < 1, which yields

oH 9 (. J0H
Rﬁ =R <RH ﬁ) (61)

The similarity solution in the case of constant input flux (equation 49) can be generalized to ac-

count for a power-law volume!
C:a3/8R/T(3a+l)/87 H = C()2/3(X_1/4T(a_1)/4¢(S), (62)

where s = §/{y = R/Ro(T), {y corresponds to the contact point, and ¢ (s) is the shape function

which satisfies

(s¢39") +1Ba+1)s¢' — L(a—1)s¢ =0, (63)

with ¢ (1) = 0. Mass conservation (29), with A = 1, can be used to find the contact point

| ~3/8
&= </0 s(Z)(s)ds) ) (64)

The ODE (63) is second order and requires a second boundary condition. We let s — 1~ in (63)
to find the leading order behavior near the contact point,

1/3

o (s) = [§(3a+1) (1—5)"/3, (65)

which provides the boundary conditions for the numerical procedure. The shape which arises is
plotted as red dots in figure 7b for oo = 1/2, and in figure 7c for a = 2. These asymptotic results
are compared to the full numerical solution at four different times.

Finally, we determine a relationship between the parameters and the dimensionless time, 7" at
which each regime occurs. The injection-dominated regime described in the previous subsection
occurs when AT%*~! >> 1. For the present analysis to apply and buoyancy to dominate requires
AT*! < min(1,M*), which is obtained by following the argument at the end of section IV C.
These two relationships are valid for any value of the exponent . To illustrate the regime tran-
sitions, the location of the leading contact point is plotted in figure 8, as a function of time in the
case that @ = 1/2 and @ = 2. The numerical results (continuous red line) are compared to the

predictions of the similarity solutions for injection-dominated and buoyancy-dominated flow.
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FIG. 9. (a) Schematic for the slumping of a fixed-volume release of fluid in a confined axisymmetric
channel. The scaling for the position of the contact point at early and late times is included. (b) Evolution
of the fluid-fluid interface in the case of equally viscous fluids with V) = 1/2. Numerical solutions at
T =0.1, 1, 10, 10 and 10* are plotted in black. The confined asymptotic solution at T = 1 is shown as red

crosses, and the unconfined solution at 7 = 10* as red dots.

VI. RELEASE OF A FIXED VOLUME (@ =0, A =0)

In the present section, we consider the special case in which there is no ongoing injection of

fluid. Instead, a fixed volume of the dense fluid is released at r = 0.

So far in this paper we have focused on two regimes: (i) a confined current for which the flow
is driven predominantly by the pressure owing to injection and (ii) an unconfined current which
is primarily driven by gravity-driven slumping. In the present section, where we consider the
instantaneous release of a fixed volume of fluid, gravity-driven slumping always dominates and
there are two different asymptotic regimes: confined gravity-driven flow and unconfined gravity-
driven flow. Provided the depth of the initial volume of fluid is comparable to the size of the
gap between the plates, the flow is confined at early times and the motion of the ambient fluid is
important. At later times, the released volume has slumped significantly under its own weight,
becoming much shallower than the channel (see figure 9a). The influence of the motion of the
ambient fluid on the current becomes negligible and the flow behaves as if it were unconfined.

This is analogous to regime (i1) described earlier in the paper. We study these two regimes in turn.

In the case of an instantaneous release of fluid, the dimensional quantity g represents the initial
volume released. We use the same non-dimensionalization as before (25) because the timescale

was defined by the buoyancy velocity. The volume exponent is @ = 0 and A = 0. Mass conserva-
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FIG. 10. Position of the leading contact point in similarity coordinates, & = &y, as a function of the viscosity

ratio, M.
tion in the dimensionless variables is
Ro(t)
/ RHAR =V, (66)
0

where Vp = g/ (27rh8) is the dimensionless volume released. The governing equation can be ob-

tained from (26) by setting A = 0,

oH 0 (MRH3(1—H)3((1—M)H+M>9_H>, (67)

9T ~ 9R B(M,H) OR

Since there is no ongoing injection, the boundary condition at R = 0 may be obtained by consid-

oH
(5) = 0. (68)
R=0

ering symmetry,

A. Early times

We first consider the release of a cylinder of fluid, centered about the Z axis, spanning the
thickness of the channel. In dimensionless variables, the initial condition has height of 1, volume
Vo, and hence radius R = 1/2V}) (see equation 66).

At short times after release, the radius of the slumping fluid is close to its initial value. This
motivates using the coordinate, R = R — 1/2Vp, where R < /2V;. The governing equation may be
approximated by

(69)

0H 0 (MH*(1-H)*((1-M)H+M)oH
T — R B(M,H) IR |
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FIG. 11. Shape of the interface between the fluids as a function of the similarity variable & = (R —
V2Vp)/T'/? at time T = 20 with Vo = 10 for M = 0.01,0.1,1,10,100. The numerical solution to the
governing equations is plotted as a continuous black line and compared to the early-time similarity solution
(red dashed line) of § VI A. The agreement is excellent for small values of the viscosity ratio, M, but declines
for large M. The solution for large M corresponds to the solution for small M but at later times as described

by the symmetry (70).

We note that this equation is identical to that for the slumping of viscous fluid in a two-dimensional
confined channel with R representing the lateral coordinate!?. Equation (69) is invariant under the

following transformation?!

My=M"' Ri=-R H=1-H T,=T/M, (70)

which corresponds to a swapping of the fluids in the two-dimensional problem and the change in T
arises because the timescale (24) is defined in terms of the viscosity of the released fluid. Equation
(69) is self-similar and we transform it using the variable, & = R/ T'/2, to obtain the following

ordinary differential equation,

EdH  d (MH3(1—H)3((1—M)H+M)C‘_H>, (71)

C2dE T dE B(M,H) dé

At early times, the current remains attached to the lower boundary at R = Ry(7') and the upper
boundary at R = R (T) and in the similarity coordinate, we label these points as & and &;, respec-
tively. The boundary condition at the contact point, & = &, can be determined by letting H — 0 to

obtain the leading order behavior for small H,

H = (3§/2)" (& —&)'? (72)
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For each value of M, the solution to (71) is obtained by a shooting method. We begin with the case
M = 1. An initial guess is made of &y = 0.01 and then (71) is integrated numerically from H =0
using the behavior (72) to provide two boundary conditions there. The limit of H as & — —oo is
0.078. The value of & is increased and the method repeated until the limit of H as & — —co is first
equal to 1. We obtain &, = 0.1611 in the case of isoviscous fluids. The value of &) as a function
of M is shown in figure 10.

Our early-time similarity solution is valid provided that the perturbation to the initial interface
is small, ie. R~ T2 <« (2V0)1/ 2. Hence the similarity solution is a good approximation for
T < 2Vp. In figure 11, the early-time similarity solution (red dashed lines) is compared to the
numerical results at 7 = 20 with Vy = 10 (continuous black lines) for five values of the viscosity
ratio, M. The agreement is excellent for small M. However, the agreement is weaker for larger M.
This can be interpreted in light of the symmetry (70). The interface shape for large M at T = 20 is
identical to the shape for a viscosity ratio of M~! at time T = 20M, which is much later. At such
large times, the radius is not well approximated by a perturbation to its initial value of R = /2Vj.

The lubrication approximation is valid provided that the lateral extent of the interface is much
greater than the channel thickness, which corresponds to R ~ T'/2 > 1. Since we also require that
R« (2V0)1/ 2 for the early-time similarity solution to be a good approximation, self-consistency
imposes Vy > 1 in order for this early solution to occur in the physical problem.

At much later times the current detaches from the upper boundary and subsequently occupies a
progressively thinner region of the channel. This behavior is described in subsection VIC. In the

next subsection, we consider the release of a current that does not initially fully flood the channel.

B. Partially filled initial conditions

We consider the release of a cylindrical volume with a dimensionless radius of 1/2V; but thick-
ness given by 0 < Z < H;, where H; < 1. The dimensionless volume is thus H;Vy. We note that the
early-time interface shape is still governed by the similarity scaling from the previous section with
R~ T2 (see figure 12). To determine the similarity solution, we shoot numerically in equation
(71) from & = &, towards & = 0. The boundary condition at H = 0, & = & is given by (72). We
repeat the shooting procedure and vary &, until we obtain H — H; in the far field. For example,
with H; = 0.8, and M = 1, we find &y = 0.14725 (see figure 12).

At later times, the depth at the wall slumps away from its initial value, and the interface shape
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FIG. 12. The interface shape in the case of a partially filled initial condition in the case of equally viscous
fluids (M = 1) at T = 20 with V) = 10 for three values of the initial current height, H; = 0.4,0.6,0.8. The

numerical result (black line) is compared to the early-time similarity solution (red dashed line).

0.02

0.01

FIG. 13. The interface shapes at T = 106 with Vo = 1 /2 for four values of the viscosity ratio, M =
0.01,0.1,1,10 calculated numerically (black lines). There is good agreement with the similarity solution

(red dotted line, equation 74) for M = 1, 10.

s2s  stops being self-similar.

s20 C. Late times

530 At late times, the current becomes progressively thinner as the fluids slumps owing to its own
ssn weight. This motivates applying the unconfined approximation of sections IV C and V B. The

532 governing equation is approximated by

oH 9 (. J0H
R8_T =R (RH 8_R> . (73)
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The system has the following self-similar solution'-?
13/12
1/42 _
H=v,/ T Vg (s) (74)
where
W(s) = (3/16)' (1213, 5=2"13/831/2y S/BRp-1/8, (75)

The position of the contact point is given by s = 1, which corresponds to
Ro(T) = 213/83-1/2y 38 p1/8, (76)

The initial volume is Vj for a cylindrical initial release with H; = 1. The solution is plotted in figure
9 (red dots) for Vo = 1/2 and there is good agreement with the late-time numerical solution in the
case of equally viscous fluids, M = 1. Figure 13 shows the numerical solutions at 7 = 10° for M =
0.01,0.1,1, 10 compared to the similarity solution (74). As in the previous buoyancy-dominated,
unconfined regimes, the agreement improves strongly with increasing M up to M ~ 1. We also
note that the lubrication approximation is satisfied provided that R/H > 1, which corresponds to
T>v, '

In figure 14, the transition from early- to late-time behavior discussed in the present section
is shown. The location of the leading contact point, Ry, is plotted as a function of time, 7 in the
case of equally viscous fluids (M = 1) and Vy = 1/2. The transition between the confined and

unconfined regimes occurs at approximately 7' ~ 10 in this case.

VII. DISCUSSION AND CONCLUSION

We have analyzed the injection and release of a viscous fluid into an axisymmetric channel,
which contains a relatively buoyant ambient fluid of different viscosity. Previous work on this

1'2 and the constant

problem has studied the constant input of fluid into a two-dimensional channe
input of fluid into a porous medium®°27. The present paper is novel in two key ways. First, we
have considered two-phase viscous flow in a three-dimensional axisymmetric channel. Second,
in addition to the case of a constant input flux, the effect of varying rates of input flux and the
instantaneous release of fluid have been studied. In this section we summarize our results and
discuss some applications.

The two-phase flow of viscous fluid in a vertically confined axisymmetric channel is governed

by the relative magnitude of the slumping owing to gravity and the pressure associated with in-

jection. With a fixed input flux, the ratio of these two effects is a constant, A. The structure of
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— — — — ‘confined’ prediction, Ry = v/2Vp + &TY? 1
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T

FIG. 14. Location of the leading contact point, Rp, as a function of time in the case of an instantaneous
release of fluid with M = 1 and Vj = 1/2. At early times, the confined approximation of section VI A
applies and Ry —/2Vy ~ T1/2. At late times (T larger than about 10%) the current becomes unconfined (the

1/8

motion of the ambient fluid is unimportant) and Ry ~ 7'/°, where the constant is given by equation (76).

The interface shapes are shown in figure 9.

the flow is self-similar at all times and depends only on A and the viscosity ratio, M. We have
determined asymptotic solutions in the case that injection dominates (A > 1) and in the case that
the flow is thin and dominated by gravity (A < 1). Our solutions agree with numerical integrations
of the governing equations. We have also obtained relationships between the parameters for which
each regime occurs demonstrating that the accuracy of the unconfined approximation is highly
sensitive to the viscosity ratio when the input fluid is of lower viscosity than the ambient. When
the input flux varies as a power-law function of time, the relative importance of the two processes
varies in time and we have generalized our results to this case. The flow structure transitions from
gravity-driven to injection-driven in the case of increasing input flux and vice-versa in the case of

a decreasing input flux.

In the case that a fixed volume of fluid is released, the flow is driven by gravity and we have
shown that it transitions from a confined current that fills the aquifer to an effectively unconfined
current occupying a thin region at the base of the channel. In the former case, the displacement of
the ambient fluid is important and we derive an asymptotic solution that quantifies the role of the
viscosity ratio. When the flow is unconfined, the behavior is analogous to the buoyancy-dominated

regimes in the case of non-zero input flux.

To demonstrate the relevance of our results, we describe two applications and calculate in which

regime the behavior lies. In the manufacture of toothpaste, many surfaces and channels have to
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be cleaned!!. One approach is to inject a viscous fluid to displace the fouling deposit. A typical
input fluid has viscosity of 100 Pa s and the density difference, Ap is of order 100 kgm™3. The
displaced deposit also has a viscosity of approximately 100 Pa s and hence the viscosity ratio is
M =~ 1. With these parameter values, in a channel of thickness 4o = 2 cm, the timescale for gravity-

I we calculate

driven viscous slumping is fy = 15 seconds. For a constant input flux of 0.01 m3s~
that A = 3 x 10° and hence injection dominates. Also, the lubrication approximation applies when

Ry ~ (AT)]/ 2> 1, which corresponds to times much greater than five milliseconds.

We next consider a magma chamber of thickness sy = 10> metres in which a finite volume of
magma slumps under the ambient magma which is relatively hotter and less dense and much less
viscous (M > 1). We take the viscosity of the slumping magma to be 10'? Pa s and the density
difference, Ap is 300 kgm—3 (Sparks et al. '%). This yields a timescale, #o, of about twelve days.
The volume of released magma is three cubic kilometers, which yields Vp ~ 1/2. We found in
section VI C that the late-time, unconfined approximation is accurate for times later than 7 ~ 103.
This corresponds to 30 years, which is within the typical lifespan of a magma chamber. Finally,
we consider the case in which new magma flows into the chamber with a constant flux of g = 1

3 571 for which A = 1.6 x 10~%. The flow is dominated by buoyancy and is unconfined. The

1/4

m
lubrication approximation is valid for 7 > A"/, which corresponds to times much greater than
three and a half months.

In future studies, it would be interesting to generalize the results to consider periodic input
fluxes. Additionally, the extraction of the injected fluid would lead to different behavior and

controls could be determined for when the current transitions from confined to unconfined in this

context.
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