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Abstract

This paper considers the output controllability of autonomous linear control systems that are subject to non-negative input
constraints. Based on the evaluation of the geometric properties of the system, necessary and sufficient conditions are proposed
for the positive output controllability of continuous linear time invariant systems. To aid in the practical evaluation of positive
output controllability, additional sufficient conditions are derived for which efficient numerical techniques exist. These conditions
are evaluated over a set of numerical examples which support the theoretical results.
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1 Introduction

The property of controllability, introduced by Kalman
[1], evaluates the ability of a dynamic system to have its
state driven from any initial state to any final state in a
finite amount of time. The aim of studying the control-
lability properties of a dynamic system is to determine
if a controller can be applied to generate a desired
state space behaviour. For linear time invariant (LTI)
systems, necessary and sufficient conditions have been
identified [1, 2]. For nonlinear time invariant systems,
linearisation has been used obtain sufficient conditions
for local controllability [3]. In addition, sufficient con-
ditions have been proposed using Lie algebra for local
controllability and/or the global controllability of some
nonlinear systems [3, 4].

When constraints are imposed on either the system
states or inputs, the effect of the constraints can alter
the controllability conditions. This paper focuses on
non-negative input constraints, which are motivated
by engineered systems such as non-prehensile mech-
anisms [5], cable robots [6, 7], one way valves [8] and
the antivibration control of pendulum systems [9]. This
class of constraints have therefore been widely inves-
tigated resulting in different necessary and sufficient
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conditions for controllability being identified for contin-
uous [9–12] and discrete [13] LTI systems. Additionally,
sufficient conditions for local positive controllability of
nonlinear systems have been obtained [10,14].

It is worthwhile to note that controllability is defined
for states instead of outputs. In most engineering appli-
cations, tasks are defined for outputs, whose dimension
can be much lower than that of the state. One example
is the control of a multi-link cable driven manipulator,
where the task is typically defined in terms of end effec-
tor pose, rather than the joint positions and velocities
which can define the system’s state [15]. Under such
a situation, it is natural to consider output controlla-
bility (see for example, [16, 17] and references therein).
In the evaluation of output controllability, necessary
and sufficient conditions for LTI systems are well estab-
lished [18]. For systems subject to non-negative input
constraints there are no known results that consider
output controllability.

In this paper, positive output controllability is defined
for continuous LTI systems. Necessary and sufficient
conditions for positive output controllability are de-
rived. To more efficiently verify positive output con-
trollability, some geometric sufficient conditions are
proposed. These conditions are shown to be necessary
and sufficient for two dimensional systems. The condi-
tions are evaluated on numerical examples to support
the theoretical results.
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2 Preliminaries

2.1 Notation

Denote the set of real numbers as R, the complex num-
bers as C, the square identity matrix with m rows as
Im and the zero matrix with m rows and n columns as
0(m×n). If the vector x = [x1 ... xn]T ∈ Rn satisfies
xi > 0 (xi ≥ 0) for all i ∈ {1, ..., n}, then x is said to be
positive (non-negative) and is denoted by x > 0 (x ≥ 0).
For any vectors x,y ∈ Rn, the inner product is denoted
〈x,y〉 = yTx. For the vector x ∈ Cn, the complex con-
jugate is denoted x̄ and an orthogonal vector x⊥.

Let an unforced continuous LTI system be given by

ẋ = Ax, x(0) = x0 ∈ Rn, (1)

where A ∈ Rn×n. The unforced response of the system
(1) is given by x(t) = eAtx0. The eigenvalues ofA are de-
noted by the set Λ(A) = Λr(A)∪Λc(A), where Λr(A) ⊆
R represents the i purely real eigenvalues and Λc(A) ⊆ C
the remaining j eigenvalues such that i + j = n. Let
the i real eigenvalues of Λr(A) be defined such that the
k ≤ i distinct real eigenvalues λ are arranged in the form
λ1 > ... > λk ∈ Λr and let the l ≤ j

2 distinct real compo-
nent ρj of the complex eigenvalues be arranged in the set
Rc(A) ⊂ R such that ρ1 ≥ ... ≥ ρl ∈ Rc for j ∈ {1, ..., l}.
The corresponding eigenvectors for the eigenvalue λ is
given by ε(λ) and the set of all eigenvectors forA is given
by the eigenspace E(A).

2.2 Geometric Cone Theory

Definition 1 A set X ⊆ Rn is said to be a cone if for
all x ∈ X and α ≥ 0, αx ∈ X . The set is a convex cone
if it is a cone and for all x,y ∈ X , x + y ∈ X [19].

Definition 2 The extreme rays of the cone X are the
rays that cannot be expressed as a positive linear combi-
nation of other rays in X [20].

Remark 1 Extreme rays form a positive linearly inde-
pendent set that can provide a description of X . An alter-
native description of X can be provided using the matrix
G ∈ Rq×n, where cone(G) = {x ∈ Rn | Gx ≤ 0}. ◦

Definition 3 Let K = [k1 ... km] ∈ Rn×m where
n and m are positive integers. The image (or span)
of the matrix K is defined as the set Im (K) :=
{x ∈ Rn |x =

∑m
i=1 αiki, αi ∈ R}. The positive span

of the matrix K is defined as the set span+ (K) :=
{x ∈ Rn |x =

∑m
i=1 αiki, αi ≥ 0}.

Definition 4 Let X ⊆ Rn. The negative polar cone of
the set X , denoted X−, is the set of all y ∈ Rn such that
〈y,x〉 ≤ 0 ∀ x ∈ X [19].

The negative polar cone and the positive span of a matrix
always form convex cones by Definition 1.

2.3 Positive Invariance of Cones

Let A ∈ Rn×n be a given state matrix of (1) and let λ
represent an eigenvalue of A. The following definitions
hold for λ and A.

Definition 5 A cone X is positively invariant with re-
spect to system (1) if ∀ t > 0, eAtX ⊆ X [21].

Definition 6 If a subspace Y ⊆ Rn is positively invari-
ant with respect to (1) then the subspace is said to be
A-invariant and for all x ∈ Y, Ax ∈ Y [2].

Definition 7 The operating subspace O(λ) is the
largest A-invariant subspace such that for all x ∈ O(λ),
there exists matrices M(t), N(t) ∈ Cn×n such that

eAtx =
(
eλtM(t) + eλ̄tN(t)

)
x.

Remark 2 The operational subspace O(λ) is equal to
ε(λ) if λ is real and rank(ε(λ)) = m, where m is the
algebraic multiplicity of λ. If λ is complex, then O(λ)
is the plane of oscillation and in the case of defective
matrices it is given by the span of ε(λ) and the generalised
eigenvectors. ◦

Definition 8 Let T ⊆ Rn be a positively invariant cone
with respect to (1). The T -dominant eigenvalue is the
eigenvalue λ∗(A, T ) with largest real component such
that ∃ a positively invariant cone T1 ⊆ (T ∩ O(λ∗)) with
dimension greater than 0. The T -dominant eigenvec-
tors ε∗(A, T ) are the corresponding eigenvectors of λ∗.
The T -dominant eigencone η(A, T ) is given by the in-
tersection T and the T -dominant eigenvectors such that
η(A, T ) = T ∩ ε∗(A, T ).

Definition 9 Let P ∈ Rp×n, where p ≤ n, be a pro-
jection matrix. The set of P -dominant eigenvectors
W(A,P ) is given by the setW(A,P ) :=

{
ε ∈ E(A) | ∃v ∈

Rp s.t. ε = ε∗(A,P(P,v))
}

, where P(P,v) is the small-

est positively invariant cone containing PTv and ε∗ is
as given in Definition 8.

Remark 3 For a given positively invariant cone T , the
T -dominant eigenvectors correspond to the eigenvectors
with largest corresponding eigenvalue that has a non-zero
intersection of its operating subspace with T . The P -
dominant eigenvectors are then the set of all possible T -
dominant eigenvectors where T ⊆ Im(PT ). ◦

Definition 10 A matrix H ∈ Rq×q is Metzler if its off-
diagonal terms are non-negative.

A cone X = cone(G) is positive invariant if it satisfies
the following result from [21, Proposition 2.1].
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Proposition 1 cone(G) is positively invariant for the
unforced continuous LTI system (1) iff ∃ a Metzler ma-
trix H ∈ Rq×q such that GA = HG.

3 Problem Formulation

Let a continuous LTI system be described by the n di-
mensional state x ∈ Rn, m dimensional input u ∈ Rm,
p dimensional output y ∈ Rp and system dynamics

ẋ = Ax +Bu, x(0) = x0, (2)

y = Cx, (3)

where A, B and C are matrices with appropriate dimen-
sions.

The controllability property of (2) identifies if the input
can be used to drive the state from any initial state to any
final state. Formally controllability is defined as follows:

Definition 11 A continuous LTI system (2) is control-
lable if ∃ a finite time τ , such that ∀ x0, xf ∈ Rn and
T ≥ τ , ∃ an input trajectory u(·) such that x(0) = x0

and x(T ) = xf [3].

Remark 4 In addition to controllability, the properties
of reachability and null controllability are defined in a
similar manner with x0 fixed at x0 = 0 and xf fixed at
xf = 0, respectively. For continuous LTI systems, these
properties are equivalent to controllability [2]. ◦

The property of controllability has been extended to
positive controllability, i.e. controllability subject to the
non-negative input constraint u(·) ∈ U+

τ [12], where
U+
τ =

{
u |u : [0, τ ]→ Rm≥0

}
, as well as the controllabil-

ity of the output space Rp [16], respectively, resulting in
the following definitions:

Definition 12 A continuous LTI system (2) is positive
controllable (PC) if ∃ a control input trajectory u(·) ∈ U+

T
that satisfies Definition 11.

Definition 13 A continuous LTI system (2) with output
(3) is output controllable if ∃ a finite time τ , such that
∀ x0 ∈ Rn, yf ∈ Rp and T ≥ τ , ∃ an input trajectory
u(·) defined on t ∈ [0, T ] such that y(0) = Cx0 and
y(T ) = yf .

From [10, Theorem 1.4], the following proposition gives
necessary and sufficient conditions for the positive con-
trollability of the continuous LTI system (2).

Proposition 2 The continuous LTI system (2) is PC
iff the following equivalent conditions hold

• There is no non-zero vector v ∈ Rn such that〈
v, eAtBu

〉
≤ 0, ∀t > 0 and u ≥ 0.

• There is no non-zero eigenvector v of AT such that
〈v, Bu〉 ≤ 0, ∀u ≥ 0 and rank(C(A,B)) = n, where
C(A,B) = [B AB ... An−1B] is the controllability
matrix.

Remark 5 An LTI system is controllable iff the ma-
trix C has rank n [2]. Positive controllability is therefore
a stricter property since it requires controllability and
that there is no non-zero eigenvector v of AT such that
〈v, Bu〉 ≤ 0, ∀u ≥ 0. In contrast, output controllabil-
ity is typically less strict than controllability when p < n.
Consideration of positive output controllability therefore
provides a means of determining possible lower dimen-
sional behaviours given the non-negative constraint.

The following proposition from [10, Lemma 2.4] can be
used to express the inner product

〈
v, eAtBu

〉
in terms

of the eigenvalues of A:

Proposition 3 Let x,v ∈ Rn, u ∈ Rm, A ∈ Rn×n and
B ∈ Rn×m, then

〈
v, eAtBu

〉
can be expanded as

〈
v, eAtBu

〉
=

k∑
i=1

tjieλit (〈zi, Bu〉+ 〈ηi(t), Bu〉)

+

k+p∑
i=k+1

eρit
m∑
j=1

trij (aij(t) + gij(t))uj , (4)

where λ1, . . . λk ∈ Λr(A), ρ1, . . . ρl ∈ Rc(A), the ji, rij
are non-negative integers, the functions gij(t), ηi(t) :
R → Rn, vanish as t → ∞ and the functions aij(t)
are sinusoids. The inner product (4) also satisfies the
following conditions:

• If zi = 0, then ηi(t) = 0.
• If aij(t) = 0, then gij(t) = 0.
• If rank C(A,B) = n, then ∀v 6= 0 ∃ an input such that〈

v, eAtBu
〉
6= 0.

Remark 6 From Proposition 3 it can be seen that the
inner product (4) used within the first equivalent condi-
tion of Proposition 2 corresponds to a sum of eigenvalue
related terms for which the solution of (4) will be domi-
nated by the dominant eigenvalue as t→∞. ◦

Consistent with Definitions 12 and 13, positive output
controllability is defined as follows:

Definition 14 A continuous LTI system (2) and (3) is
positive output controllable (POC) if ∃ a control input
trajectory u(·) ∈ U+

T that satisfies Definition 13.

Remark 7 Consistent with Remark 4, reachability and
null controllability analogies can be considered for the
controllability properties of Definitions 12, 13 and 14. ◦
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4 Main Results

4.1 Necessary and Sufficient Conditions for Positive
Output Controllability of Continuous LTI systems

To determine necessary and sufficient conditions for the
positive output controllability of the system (2) with
output (3), the following proposition is first considered.

Proposition 4 A continuous LTI system (2) with out-
put (3) is POC iff ∃ a finite time T ≥ 0 such that it is
positive output reachable.

PROOF. By Definition 14 a system is POC if ∃ a
finite time T1 ≥ 0 such that for any y0,yf ∈ Rp, a
non-negative control input can be defined to drive the
output from y0 to yf . Setting y0 = 0, it can be seen
that the POC system must therefore be positive output
reachable for time T = T1.

To show sufficiency, let the output trajectory of a lin-
ear system be given by y(t) = y(t,x0,u(·)), where
u(·) ∈ U+

t . At time t, the positive output reachable
set RO(t) of the system (2), (3) can be defined as
RO(t) =

{
y ∈ Rp : ∃u(·) ∈ U+

t s.t. y = y(t,0,u(·))
}

. If
the system is positive output reachable at time T ≥ 0,
then by the definition of the reachable set RO(t) = Rp
for all t ≥ T .

Given an initial state y0 ∈ Rp and a corresponding x0 ∈
Rn, at time T the output of a linear system (2), (3) is

given by y(T ) = CeATx0+
∫ T

0
CeA(T−τ)Bu(τ)dτ . Since

T is finite, CeATx0 is finite. Utilising this result and the
positive output reachability of (2),(3), ∃ an input trajec-

tory u1(·) ∈ U+
T such that yf =

∫ T
0
CeA(T−τ)Bu1(τ)dτ

as well as an input trajectory u2(·) ∈ U+
T such that

−CeATx0 =
∫ T

0
CeA(T−τ)Bu2(τ)dτ . By the superposi-

tion property of linear systems it can therefore be seen
that the input (u1 +u2)(·) ∈ U+

T is such that y(T ) = yf

and y(0) = y0. This completes the proof. �

The following theorem is obtained from Proposition 4.

Theorem 1 A continuous LTI system is POC iff there
is no non-zero vector v ∈ Rp such that〈

v, CeAtBu
〉
≤ 0, ∀t > 0, ∀u ≥ 0. (5)

PROOF. Using Proposition 4, the continuous LTI sys-
tem (2), (3) is POC iff it is positive output reachable.
A continuous LTI system is therefore POC iff ∃ a finite
T ≥ 0 such that RO(T ) = Rp.

By the definition of RO(t), ∀ u1,u2 ∈ Rm ≥ 0 and α ≥
0, αu1 ∈ Rm ≥ 0 and u1 + u2 ∈ Rm ≥ 0. Accordingly,
by the pointwise positive scaling and addition of input
sequences, it can be seen that if y1,y2 ∈ RO(t), then

αy1 ∈ RO(t) and y1 + y2 ∈ Rp. By Definition 1 the set
RO(t) is therefore always a convex cone.

SinceRO(t) is a convex cone, the origin lies in the interior
of RO(t) iff RO(t) = Rp. By the separating hyperplane
theorem [19, Theorem 2 of Section 5.12], this means that
there is no non-zero vector v ∈ Rp such that〈

v,

∫ t

0

CeAτBu(τ)dτ

〉
≤ 0, ∀t ≥ 0, u(·) ∈ U+

t . (6)

The final result then follows by continuity and a special
choice of u(·) as is presented in [10, Theorem 1.4]. �

Remark 8 This result extends [10, Theorem 1.4] to con-
sider the output space. An alternative interpretation of
this result is that ∀ v ∈ Rp, ∃ a time t > 0 and an input
u ≥ 0 such that

〈
v, CeAtBu

〉
> 0. ◦

Remark 9 For the linear system (2) with output of
the non-causal form y = Cx + Du, where D ∈ Rp×m,
it can be shown using the same procedure as the proof
of Theorem 1 that the continuous LTI system is POC
iff there is no non-zero vector v ∈ Rn such that〈
v,
(
CeAtB +D

)
u
〉
≤ 0, ∀t > 0, ∀u ≥ 0. Since D

is constant, its addition results in it being more likely
that a linear system is POC.

Remark 10 Let B = span+(B). Rearranging (5) 1 to
the form 〈

eA
T tCTv, Bu

〉
≤ 0, (7)

it can be seen that Theorem 1 states that the continuous
LTI system (2), (3) is POC iff there is no vector s0 ∈
Im(CT ) with dynamics described by

ṡ = AT s, s(0) = s0, (8)

such that s(t) ∈ B− ∀ t > 0. ◦

Taking the interpretation of Remark 10, the following
theorem is obtained.

Theorem 2 A continuous LTI system is POC iff there
is no matrix G ∈ Rq×n such that

• GAT = HG where H is a Metzler matrix.
• ∃v ∈ Rp such that GCTv ≤ 0.
• cone(G) ⊆ B−.

PROOF. Assume that ∃ a matrix G ∈ Rq×n that sat-
isfies the given conditions. Then by Proposition 1, the
first condition implies that the cone described by G is
positive invariant for the dynamics (8). By the second
and third conditions this cone contains a possible initial

1 By the definition of the inner product
〈
v, CeAtBu

〉
=

uTBT eA
T tCTv =

〈
eA

T tCTv, Bu
〉

.
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state s0 ∈ Im(CT ) and is a subset of the negative po-
lar cone B−. This means that ∃ an initial state s0 for
which s(t) ∈ B−, ∀t > 0. As a result the continuous LTI
system is not POC by Theorem 1.

Assume that (2), (3) is not POC. Then by the inter-
pretation of Remark 10, ∃ an initial state s0 ∈ Im(CT )
such that s(t) given by (8) lies in the negative polar
cone B− ∀ t > 0. Let Y be a positively invariant set in
B−. Then by positive scaling and component addition if
x,y ∈ Y ⊆ B−, then x + y ∈ Y. Accordingly Y ∈ B− iff
there is a positively invariant cone within B−. By Propo-
sition 1 this means that ∃ a matrix G ∈ Rq×n and a
Metzler matrix H ∈ Rq×q such that GAT = HG. �

Remark 11 The results of this section have been pre-
sented to consider the constraints of positive controls. In a
similar manner to [10], the results can be extended to ap-
ply to the more general class of constraints u ∈ cone(F )
where F ∈ Rq×m by replacing the set B− with the cone
B† = {v ∈ Rn | 〈v, Bu〉 ≤ 0, ∀ − Fu ≥ 0}. ◦

Remark 12 In a manner consistent with [10, Corollary
3.11], the nonlinear time invariant system given by

ẋ = f(x,u), y = h(x,u), (9)

where f : Rn+m → Rn and h : Rn+m → Rp, is locally
positive output reachable if its linearisation is POC. ◦

4.2 Sufficient Conditions

From Remark 10 the vector s(t) with dynamics (8) must
not remain in B− for all t > 0 if the continuous LTI sys-
tem is POC. Instead of considering all t > 0, to simplify
the verification of POC, two special cases are consid-
ered: 1) t is small, 2) t is large. A sufficient condition is
provided in Theorem 3.

Theorem 3 The linear system (2), (3) is POC if there
is no vector v ∈ Rp such that

〈v, CBu〉 ≤ 0, ∀u ≥ 0. (10)

PROOF. Since eA·0 = I, condition (10) means that ∃
u ≥ 0 such that

〈
v, CeAtBu

〉
> 0 at t = 0. By the

continuity of eAt, (5) is continuous in t and hence the
proof is completed by applying Theorem 1 at the small
time t = ε > 0. �

Remark 13 Theorem 3 is a separating hyperplane con-
dition [19] on the positive span of CB. Since the positive
span of a matrix is a convex cone, a separating hyperplane
will not exist only if CB is positive spanning. A matrix
can only be positive spanning if it has more columns than
rows. This means that the number of inputs (actuators)
must be redundant with respect to the system output such
that m ≥ p. Another interpretation of Theorem 3 is that

the over-actuated continuous LTI system subject to non-
negative input is equivalent in the output space to a fully
actuated continuous LTI system with u ∈ Rn. ◦

Theorem 3 considers positive output controllability
based upon the possible initial states of s0 ∈ Im(CT ).
When Im(CT ) ∩ B− contains only the boundary of B−,
the following corollary can be applied.

Corollary 1 Assume that for a continuous LTI system
(2),(3) there exists a vector v ∈ Rp such that (10) holds.
The system (2),(3) is still POC if there exists a control
input u ≥ 0 satisfying

• 〈v, CBu〉 = 0, and
• 〈v, CABu〉 > 0.

PROOF. At time t = 0 there exists a u ≥ 0 such that
the inner product (5) is equal to 0. The derivative of (5)
is given by

d

dt

(〈
v, CeAtBu

〉)
|t=0 = 〈v, CABu〉 (11)

Since ∃ u ≥ 0 such that (5) is equal to 0 and (11) is
positive at t = 0, then by the continuity of inner product,
(5) must be positive for some small time t = ε > 0. By
Theorem 1, the system is therefore POC. �

Remark 14 By the interpretation of Remark 10, The-
orem 3 and Corollary 1 state that for all s0 ∈ Im(CT ),
either s0 /∈ B− or s0 is on the boundary of B− and ṡ0 is
away from the negative polar cone, respectively. ◦

Remark 15 Applying the interpretation of Remark 10
to Proposition 2 it can be noted that positive controllabil-
ity requires that there is either a real eigenvector in B−
or a complex eigenvector that is in the kernel of BT . ◦

Utilising Remark 15, the following theorem provides a
sufficient condition for positive output controllability by
looking at the behaviour of s(t) as t→∞.

Theorem 4 The linear system (2), (3) is POC if there
is no C-dominant eigenvector w ∈ W(AT , C) such that

• If w is complex, then 〈w, Bu〉 = 0, ∀u ≥ 0.
• If w is real, then 〈w, Bu〉 ≤ 0, ∀u ≥ 0.

PROOF. This proof consists of two steps. The first step
will utilise Proposition 3 to expand the inner product (5)
into terms which depend on eigenvectors and vanishing
functions. The second step will then consider all possible
eigenvalues of the linear system (2) and show that if the
system is not POC then the dominant eigenvector w
must not satisfy the given conditions.
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Using Proposition 3, for all v ∈ Rp the inner product
(5) can be expanded as

〈
s, eAtBu

〉
=

k∑
i=1

tjieλit (〈wi, Bu〉+ 〈ηi(t), Bu〉)

+

k+l∑
i=k+1

eρit
m∑
j=1

trij (aij(t) + gij(t))uj , (12)

where s = CTv. To evaluate behaviour of this inner
product as t→∞ the three possible cases according to
the nomenclature of Section 2 are considered:

(1) λ1 > ρ1 or (λ1 = ρ1 and j1 > maxj(r1j)).
(2) λ1 < ρ1 or (λ1 = ρ1 and j1 < maxj(r1j)).
(3) λ1 = ρ1 and j1 = maxj(r1j).

For case 1 the real eigenvalue λ1 is dominant. Dividing
both sides of (12) by tj1eλ1t results in

〈w1, Bu〉+ Ja(t) ≤ 0, ∀t > 0, u ≥ 0 (13)

where Ja(t) is a vanishing function. As a result
〈w1, Bu〉 ≤ 0, ∀u ≥ 0.

For case 2 the complex eigenvalues associated with ρ1

are dominant. Dividing both sides of (12) by tr1eρ1t,
where r1 = maxj(rij) results in∑

lj

(ailj (t) + gilj (t))ulj + Jb(t) ≤ 0, (14)

where Jb(t) is another vanishing function. This summa-
tion is a sum of sinusoids such that it has zero mean. This
means that

∑
lj

(ailj (t))ulj = 0 such that 〈w1, Bu〉 = 0.

For case 3 the real and complex eigenvalues are
equally dominant. Dividing both sides of (12) by
tj1eλ1t = tr1eρ1t results in

〈wi, Bu〉+
∑
lj

(ailj (t) + gilj (t))ulj + Jc(t) ≤ 0 (15)

where Jc(t) vanishes as t → ∞. Here the sum of the si-
nusoids must have zero mean such that 〈w1, Bu〉 ≤ 0.
Since all possible dominant eigenvalues have been con-
sidered the proof is therefore complete. �

Remark 16 The proof of Theorem 4 follows the struc-
ture of the proof of sufficiency for [10, Theorem 1.4].
The theorem shows that a system is POC if there is
no C-dominant eigenvector that lies in B−. This differs
from positive controllability [10, Theorem 1.4] whereby
no eigenvector can be in B−. As a result, if rank(C) = p,
then positive output controllability is less strict than pos-
itive controllability. ◦

Remark 17 Evaluation of Theorem 4 is performed by
transforming the subspace defined by Im(CT ) into the co-
ordinates of the eigenvectors. This transformation can
be achieved using the generalised eigenvectors of AT as a
transformation matrix V . After the transformation, C-
dominant eigenvectors can be determined. Positive span-
ning tests can then be used to determine whether there is
a ray of the C-dominant eigenvector that is in B−. ◦

Combining Theorems 3 and 4 the following is obtained.

Corollary 2 A continuous LTI system is POC if there
is no vector v ∈ Rp such that

• 〈v, CBu〉 ≤ 0, ∀u ≥ 0.
• there exists a vTC-dominant eigenvector w ∈
W(AT ,vTC) such that
· If w is complex, then 〈w, Bu〉 = 0, ∀u ≥ 0.
· If w is real, then 〈w, Bu〉 ≤ 0, ∀u ≥ 0 and there

exists a ray z of w such that z ∈ η(A,P(C,v)),
where η is defined by Definition 8 and P(C,v) is the
smallest positively invariant cone containing CTv.

PROOF. This corollary requires that there is no com-
mon v for which Theorems 3 and 4 are false. Since The-
orem 3 considers small time and Theorem 4 consider
t→∞ then if there is no common v, then s(t) with dy-
namics (8) either starts outside of B− or leaves B− as
t→∞. As a result the system is POC by Theorem 1. �

Remark 18 Theorems 3 and 4 consider the behaviour of
the inner product where t is small and large, respectively.
Neither condition considers the behaviour of the inner
product at other times such that they cannot provide nec-
essary and sufficient conditions for positive output con-
trollability with the exception of some special cases. ◦

4.3 Necessary and Sufficient Conditions: Special Cases

Theorem 5 When n = 2 and p = 1, a continuous LTI
system is POC iff it satisfies Corollary 2.

PROOF. The sufficiency of this result is given by the
proofs of Theorems 3 and 4 and Corollary 2.

For necessity assume that Corollary 2 does not hold.
Then ∃ a v ∈ Rp such that CTv ∈ B− and the conver-
gent eigenvector is also in B−. Under this assumption
the proof will consider the three possible sets of eigen-
value solutions: complex conjugate eigenvalues, real and
distinct eigenvalues and real and repeated eigenvalues.

Let the eigenvalues be complex conjugate. Then
w = a ± bj ∈ ker(BT ). Since n = 2, this is only the
case if ker(BT ) = R2. As a result, z(t) with linear dy-
namics (8) is always in B− such that by Theorem 1 the
continuous LTI system must not be POC.

Let the eigenvalues be real. If AT has a two dimensional
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eigenspace or if w ∈ Im(CT ), then w is positively in-
variant and the system must not be POC. Otherwise,
let CT = c be an arbitrary vector in R2 and the matrix
G = [κc⊥ − κw⊥]T , where κ ∈ {−1, 1} is set such that
cone(G) ⊆ B−. This means that cone(G) is a convex
cone with extreme rays given by the rays of c and w
that are within B− and therefore ∃v ∈ Rp such that
GCTv ≤ 0. By Theorem 2 the system is therefore
not POC iff ∃ a Metzler matrix H ∈ R2×2 such that
GATG−1 = H = {hi,j}i,j=1,2, where G in invertible by
construction.

Substituting the definition for G, it can be seen that

GATG−1 =
κ2

det(G)

[
c⊥ −w⊥

]T
AT
[
w c

]
. (16)

When the eigenvalues of AT are real and distinct, c can
be represented in eigenvector coordinates such that c =
α1w + α2z, where z is the non-dominant eigenvector.
This means that the off diagonals of (16) are given by

h21 =
λ1

(
w⊥
)T

w

det(G)
= 0,

h12 =
(c⊥)TAT c

det(G)
= α1(λ1 − λ2), (17)

where (λ1 − λ2) > 0 and α1 > 0 by definition.

In the case where the eigenvalues of AT are real and
repeated, c = α1w +α2g where g is a generalised eigen-
vector. Since the system is two dimensional the gener-
alised eigenvector must be such that ATg = λ1g + σw
where σ > 0. Substituting the generalised eigenvector
into (16) in place of z it can be seen that h21 = 0 and

h12 =
(c⊥)TAT c

det(G)
= α2σ, (18)

where α2 > 0 to ensure convergence to w and σ > 0 by
definition. As a result h12 and h21 are non-negative for
all real eigenvalues cases and therefore the system is not
POC by Theorem 2. Since all possible cases are not POC
it can be seen that Corollary 2 is necessary for positive
output controllability thereby completing the proof. �

Remark 19 Corollary 2 is in general a sufficient con-
dition that considers the behaviour of a linear system for
small and large t. When n = 2, Theorem 5 shows that the
condition is necessary and sufficient because the complex
case is equivalent to B− = Rn and the real case monoton-
ically converges in phase towards the component of theC-
dominant eigenvector that is contained within B−. With
the exception of higher dimensional systems in which all
of the eigenvectors lies in the same plane as CT , the ne-
cessity does not hold for systems with n > 2. This is be-
cause the effect of other eigenvectors that lie outside of
B− can result in s(t) leaving B− in the time interval that

the corollary does not consider. ◦

Remark 20 When n = p, Theorem 1 is equivalent to
Proposition 2 if Im(CT ) = Rn. This means that when
n = p, a continuous LTI system is POC iff it is PC and
possesses a non-singular matrix CT . ◦

5 Illustrative Examples

5.1 Example 1

Consider the continuous LTI system (2), (3) with
n = m = 2, p = 1, A =

[
0 1
−2 −3

]
, B =

[−1 −3
0 −1

]
and

C = [c1 c2], where c1, c2 ∈ R. This system is control-
lable since rank(B) = 2. The system is however not
PC. This is because the eigenvectors of AT , given by
v1 = [1 1]T and v2 = [2 1]T , have inner products given
by 〈v1, Bu〉 = −u1 − 4u2 and 〈v2, Bu〉 = −2u1 − 7u2.
These inner products are both non-positive for all u ≥ 0
such that by Proposition 2 the system is not PC.

Utilising Theorem 3, the system is POC if CB =
[c1 c2]

[−1 −3
0 −1

]
= [−c1 − 3c1 − c2] is positive spanning.

Since CB ∈ R1×2, this is the case if the elements of CB
contain one positive term and one negative term. This
means that the system is POC if −c1(−3c1 − c2) < 0.

By Definition 7 the operational subspaces of this system
are given by O(λ1) = v1 and O(λ2) = v2. This means
that the C-dominant eigenvectors of the system will
be either v1 or v2. Since the C-dominant eigenvectors
always contain a component in B−, it can be seen that
Theorem 4 provides no new possible C matrices.

Finally by Corollary 2 it can be seen that the chosen
v must map to a ray of the C-dominant eigenvectors
that is contained in B−. From Remark 17 this map-
ping can be determined utilising the transformation
matrix V = [v2 v1], such that CT in the eigenvec-
tor coordinates is given by CT = α1v1 + α2v2 where
[α1 α2]T = V −1CT . This result shows that if α1 > 0 or
if α1 = 0 and α2 > 0, then the system is POC.

Figure 1 depicts the allowable regions for the image of
CT to lie in such that the system is POC by Theorem 3
and Corollary 2. Since CT ∈ Rp×n, the figure is plotted
using the coordinates of the state space. It can be noted
that for this case since n = 2, Corollary 2 identifies the
complete set of possible C matrices.

5.2 Example 2

Consider the cable driven parallel manipulator (CDPM)
with system dynamics given by the compact form

M(q)q̈ + C(q, q̇) +G(q) + wext = −LT (q)f , (19)
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(a) Possible C Matrices Using Theorem 3

(b) Possible C Matrices Using Corollary 2

Fig. 1. Regions where Im(CT ) can be located for Positive
Output Controllability

where q ∈ Rd is the d-dimensional manipulator pose,
f ∈ Rm is the m dimensional cable force vector which
satisfies the unilateral actuation constraint

f ≥ 0. (20)

In equation (19), M : Rd → Rd×d is the symmetric
positive definite inertia matrix, C : R2d → Rd is the
Coriolis and centrifugal force vector, G : Rd → Rd is
the gravitational force vector, wext ∈ Rd is the external
wrench vector and L : Rd → Rm×d is the cable-joint Ja-
cobian matrix which maps changes in the manipulator
pose q to changes in the cable length l ∈ Rm.

For CDPMs the manipulator task is typically described
in terms of a p dimensional end effector pose y ∈ Rp
which can be expressed using the forward kinematics

y = h(q). (21)

Consider the 2 link CDPM shown in Figure 2, where
d = 2. Let the two rigid links be identical with a uniform
distribution of mass m1 = m2 = 1kg over the length
`1 = `2 = 1m. Furthermore let the ith cable have ca-
ble mountings described by the base attachment vector

rOAi
, which is a vector from the base point O to the

attachment location Ai, and the rigid link attachment
vector rGjBi

, where Gj refers to the centre of gravity of
the jth rigid link and Bi refers to the attachment point
on rigid link j for cable i. Table 1 summarises the at-
tachment information for the CDPM.

Cable Attachment Information

rOA1

[
−0.5 0

]T
rG1B1

[
−0.1 0.3

]T
rOA2

[
−1.5 0

]T
rG2B2

[
−0.1 0.3

]T
rOA3

[
0.5 0

]T
rG1B3

[
0.1 0.3

]T
rOA4

[
1.5 0

]T
rG2B4

[
0.1 0.3

]T
Table 1
Cable Attachment Information

Assume that the manipulator has no external distur-
bances and lies in the horizontal plane such that wext =
0 and G(q) = 0. The model dynamics can therefore
be written in the form of (19) subject to the constraint
equation (20), where for the choice of mechanism pose
q = [q1 q2]T with q1 and q2 as shown in Figure 2, the
terms M(q),C(q) and L(q) are given by

M(q) =

[
cos(q2) + 5

3
1
2 cos(q2) + 1

3
1
2 cos(q2) + 1

3
1
3

]
, (22)

C(q, q̇) =
[
− 1

2 q̇2 sin(q2) (2q̇1 + q̇2) 1
2 q̇

2
1 sin(q2)

]T
,

(23)

L(q) =


(rOB1 × l̂1)T 0(1,3)

0(1,3) (rOB2 × l̂2)T

(rOB3 × l̂3)T 0(1,3)

0(1,3) (rOB4 × l̂4)T





0 0

1 0

0 0

0 0

1 1

0 0


, (24)

where l̂i = r̂AiBi
and both l̂i and rOBi

are functions of
the mechanism pose q for i = 1 . . . 4. Let the manipula-
tor task be described in terms of the vector y in Figure
2 with forward kinematics (21) where

h(q) = cos(q1) + cos(q1 + q2). (25)

Defining the manipulator state x ∈ R4, to be x =[
x1

T x2
T
]T

= [qT q̇T ]T , the system input to be u = f ∈
R4 and the system output to be y. The dynamics (19)
of the robot can be represented in the state space form

ẋ =

[
x2

−M(x1)−1
(
C(x1,x2) + LT (x1)u

)] , (26)
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Fig. 2. Example 2 Link Cable Driven Manipulator

where M , C and L are given by equations (22), (23)
and (24), respectively. The system (26) is subject to the
unilateral (non-negative) input constraints u ≥ 0 and
has an output equation given by (25).

The cable robot dynamics (19) is that of a contin-
uous nonlinear time invariant system such that lin-
earisation can be used to evaluate the positive out-
put controllability of the system through Remark 12.
Taking the linearisation about the equilibrium triple
(xeq,ueq,yeq) = ([qeq 0]T ,ueq,yeq) it can be seen
that the nominal linearised model is given by

δẋ = Aδx +Bδu, δy = Cδy, (27)

where δx = x − xeq, δy = y − yeq, δu = u − ueq and
the state, input and output matrices of the linearised
system are given by

A =
[

0(2×2) I2
∂

∂x1
(−M(x1)−1LT (x1)u)|(xeq,ueq) 0(2×2)

]
, B =[

0(2×4)

−M(qeq)−1LT (qeq)

]
and C =

[
∂h(x)
∂x |(xeq,ueq) 0(1×2)

]
,

where M , L and h are given by (22), (24) and (25).

Let the equilibrium triple represent the nominal op-

erating point (xeq,ueq,yeq) = (
[
π
6
π
3 0 0

]T
,0,
√

3
2 ).

Substitution of this nominal operating point into the
expressions for the state matrix, input matrix and

output matrices results in A =
[

0(2×2) I2
0(2×2) 0(2×2)

]
, B =[

0 0 0 0
0 0 0 0

0.436 0.0123 −0.294 −0.681
−0.734 2.031 0.515 1.691

]
and C = [−1.5 − 1 0 0].

The positive output controllability of the linearisa-
tion (27) can be evaluated using Theorem 1 whereby
from the given form for the state matrix it can be

seen that eAt =
[

I2 tI2
02×2 I2

]
, such that CeAtBu =

t[0.109 −2.216 −0.074 −0.669]u.

As a result the inner product
〈
v, CeAtBu

〉
is given by〈

v, CeAtBu
〉

= −tv[−0.109 2.216 0.074 0.669]u. (28)

If v > 0, then for all time t > 0 the choice of input
u = [1 0 0 0]T results in the inner product (28) be-
ing positive. Similarly if v < 0, the choice of input
u = [0 1 0 0]T results in (28) being positive for all time
t > 0. This means that there is no non-zero v such that〈
v, CeAtBu

〉
is non-positive for all times t > 0 and

positive input u ≥ 0. As a result the nominal operating
point has a POC linearisation by Theorem 1.

By considering Remark 12, it can be seen that the nom-
inal operating point is locally POC. An exact region of
the state space for which positive output controllability
holds is however at this point unknown. The approach
of workspace analysis considered in [7] can be conducted
to approximate the PC regions by looking at a sampled
representation of the state space. Figure 3 depicts the
workspace consisting of all sampled poses with POC
linearisations. It can be seen that the sampled poses in
the immediate vicinity of the nominal operating point
(depicted by the red cross) are also POC. This suggests

that the nominal operating point (
[
π
6
π
3 0 0

]T
,0,
√

3
2 )

belongs to a POC region.

q
1
 (°)

-150 -100 -50 0 50 100 150

q
2
 (

°)

-150

-100

-50

0

50

100

150

Fig. 3. Workspace of POC Linearisations

6 Conclusion

In this paper, the concept of positive output controlla-
bility was evaluated for continuous LTI systems. A set
of necessary and sufficient conditions were derived for
which it was noted that practical evaluation of the con-
ditions was made difficult due to time dependence and
nonlinear constraints. To address these practical issues a
geometric interpretation of positive controllability con-
ditions was provided from which sufficient conditions
were identified. These conditions were then applied to
numerical examples to illustrate their application and to
gain an intuition of the conservativeness of the results.
Future work will look to identify more computationally
efficient necessary and sufficient conditions for the pos-
itive output controllability of continuous LTI systems
and to extend the results to consider the non-local posi-
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tive output controllability analysis of general nonlinear
systems.
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