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Abstract— Contraction mapping method is widely used in the
design and analysis of feed-forward type of iterative learning
control (ILC) for a class of nonlinear dynamic systems that
satisfy global Lipschitz continuity condition. However, many
engineering systems are only locally Lipschitz continuous. Thus
contraction mapping method is not directly applicable to such
systems. This paper proposes a feedback-based ILC algorithm
for a class of nonlinear systems that is only locally Lipschitz
continuous. In the proposed feedback-based ILC, the feed-
forward controller or ILC is designed using a standard con-
traction mapping technique with an appropriate convergence
condition while the feedback control is designed to stabilize the
nonlinear dynamic systems. A novel composite energy function
is proposed to show that the proposed feedback-based ILC
can work even with the input saturation. Simulation results
illustrate the effectiveness of the proposed method.

I. INTRODUCTION

Iterative learning control (ILC), as introduced in [1], builds

on the idea of “learning” from experience or previous task ex-

ecutions to ensure the perfect tracking performance without

the requirement of a precise model of the engineered system.

Due to its data-driven nature, ILC has been applied to many

engineering systems. The various theoretical developments

and applications of ILC algorithms in the last three decades

have been reported, see, for example, survey papers [2]–[6]

and references therein.

Contraction mapping (CM) based methods and Composite

Energy Function (CEF) based techniques are two widely

used design and analysis tools for ILC algorithms. Generally,

CM based ILC has a feed-forward structure, in which output

tracking errors in previous trials are used. With an appro-

priate convergence condition, it can be applied to nonlinear

dynamic systems that satisfy global Lipschitz continuity

(GLC) condition [7]–[9]. Although requiring GLC condition

is a strong assumption, it usually leads to simpler feed-

forward type ILC algorithms.

On the other hand, CEF based ILC design can easily

handle nonlinear dynamic systems to track reference output

or reference state using the errors from the current iteration.

If there is a control Lyapunov function for the nonlinear

systems, it can also handle nonlinear terms that are only

locally Lipschitz continuity (LLC) [10]–[12].

These two techniques can be unified using CEF based

analysis technique. For example, it is shown in [13], the

P-type feed-forward ILC, which is designed using CM tech-

nique, can achieve perfect tracking performance with CEF
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based proof technique. Noting the fact that when the trajec-

tories of the dynamic systems can be ensured to be bounded,

the GLC condition becomes LLC. Hence, when the dynamic

systems are LLC but satisfy bounded-input-bounded-state

(BIBS) condition, the simple P-type feed-forward ILC can

work with the consideration of input saturation [14].

As a generalization of [14], this paper investigates a new

dual controller scheme to deal with nonlinear systems which

satisfy neither the assumption of BIBS nor GLC. This dual

controller consists of a state feedback and feed-forward

ILC design. The feed-forward ILC design is based on CM

method [7], [9] while the state feedback controller ensures

the boundedness of the solution and robustness in the time

domain. When implementing such a dual control algorithm,

actuator constraints are also considered.

The contributions of this paper are summarized as follows:

1) For nonlinear dynamic systems which are neither BIBS

nor GLC, we propose a feedback-based ILC with the

input saturation to ensure convergence.

2) A novel CEF is used to ensure the uniform convergence

of the input, state and output tracking error.

3) A completely new proof technique based on induction

is proposed to show the uniform boundedness of the

closed loop trajectories in the iteration domain.

The paper is organized as follows. The necessary prelim-

inaries and problem formulation are introduced in Section

II. Section III gives the convergence analysis of the pro-

posed theorem. Section IV provides an illustrative example

that demonstrates the effectiveness of the proposed control

structure.

II. PRELIMINARIES AND PROBLEM FORMULATION

The following notations are used in this paper. R denotes

the set of real numbers and N denotes the set of natural

numbers. Cj [0, Tf ] denotes the set of all continuous function

in [0, Tf ] that is differentiable up to jth order for any j ∈ N .

For any vector x ∈ Rn, |x| denotes the Euclidean norm and

|x|2 = xTx. For any matrix A ∈ Rn×m, |A| represents the

induced matrix norm. A > 0 indicates A is a positive definite

matrix. (·)T represents the transpose of a vector or a matrix.

In denotes the identity matrix of dimension n.

Definition 1: A function f(·) is said to be locally Lipschitz

on a domain (open and connected set) D ⊂ Rn if each point

of D has a neighbourhood D0 such that f(·) satisfies the

Lipschitz condition:

|f(z1)− f(z2)| ≤L0 |z1 − z2| (1)

for all points z1, z2 ∈ D0 with some constant L0 [15, p.89].
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Definition 2: A continuous function α : [0, a) → [0,∞)
is said to belong to class K if it is strictly increasing and

α(0) = 0. It is said to belong to class K∞ if a = ∞ and

α(r) → ∞ as r → ∞ [15, Definition 4.2].

Definition 3: The saturation function is defined as

sat(u, u∗) , sign (u)min{u∗, |u|} for any u ∈ R
where u∗ > 0 is a scalar constant. For any u ∈ Rm,

sat(u,u∗) =
[
sat(u1, u1∗), · · · , sat(um, um∗

)
]T

where

u∗ = [u1∗ , · · · , um∗

]T is a vector of constants with uj∗ >

0, ∀ j ∈ [1, m] .

Definition 4: For any x(t) ∈ C[0, Tf ], the supremum

norm is defined as ‖x‖s , max
t∈[0, T ]

|x(t)|∞,where |x|∞ =

max
j∈[1, n]

|xj | and xj denotes jth element of x.

Definition 5: For any x ∈ C[0, Tf ] the L2 norm is defined

as ‖x‖L2 ,

(∫ Tf

0
|x(τ)|2dτ

) 1

2

where as the L2
e norm is

defined as ‖x‖L2
e
,

(∫ Tf

0
e−λτ |x(τ)|2dτ

) 1

2

, for any λ > 0.

For the convenience of the proof of Theorem 1, the

following lemmas are used.

Lemma 1: For any given ur, u and u∗ ∈ Rm satisfying

sat(ur,u
∗) = ur then the following inequality holds true:

|ur − sat(u,u∗)|2 ≤ |ur − u|2 [11, Property-3]. �

Lemma 2: For any v, u, u∗ and w ∈ Rm, if v =
sat(u,u∗) + w, then the following inequality holds true:

|sat(v,u∗)− v| ≤ |w| [11, Property-4]. �

A. Problem Formulation

At the ith iteration, a nonlinear multi-input-multi-output

(MIMO) square1 affine system takes the following form:

ẋi =f(xi) + g(xi)ui,

yi =h(xi), (2)

where xi ∈ Rn, ui ∈ Rm and yi ∈ Rm are the system

state, input and output vectors and i denotes the iteration

number. f(·), g(·) and ∂h
∂x

(·) are LLC in their argument.

The system (2) satisfies the following assumptions.

Assumption 1: For a given compact set D ⊂ Rn, there

are positive constants Cf , Cg , and Chx
such that for any

z1, z2 ∈ D the following inequalities hold:

|f(z1)− f(z2)| ≤Cf |z1 − z2| , (3)

|g(z1)− g(z2)| ≤Cg |z1 − z2| , (4)∣∣∣∣
∂h

∂x
(z1)−

∂h

∂x
(z2)

∣∣∣∣ ≤Chx
|z1 − z2| (5)

where Cf , Cg , and Chx
depends upon the size of the compact

set. �

Remark 1: Different from GLC conditions, Assumption

1 indicates that the nonlinear mappings f(·) and g(·) as

well as h(·) are LLC. Indeed, as the size of the set D
increases, parameters Cf , Cg, Chx

will increase. Moreover,

this system (2) is not assumed to satisfy bounded-input-

bounded-state assumption. Thus this assumption is a weaker

1 A square system has same the dimension for input and output vectors.

assumption. Many nonlinear functions f(·) and g(·) satisfy

this assumption. ◦
Assumption 2: The matrix valued functions g(x) and

∂h
∂x

(x)g(x) have full column rank. Moreover, g(x) and
∂h
∂x

(x) are bounded ∀x ∈ D. �

Remark 2: Assumption 2 guarantees the uniqueness of

control input u for a given realizable trajectory. The bound-

edness of g(x) and ∂h
∂x

(x) are reasonable in most of the

practical applications. ◦
Assumption 3: For any given yr ∈ C[0, Tf ], there exist

xr ∈ C1[0, Tf ] and ur ∈ C[0, Tf ] that satisfy

ẋr =f(xr) + g(xr)ur,

yr =h(xr), (6)

and sat(ur,u
∗) = ur, ∀t ∈ [0, Tf ], where u∗ is a

predefined saturation limit. �

Remark 3: In many output tracking problems, for a given

reference output, some inversion based methods [7] are used

to find the reference state and reference input in order to

ensure that the internal state is well-behaved. Moreover,

when actuator saturation is considered, Assumption 3 is

needed to show that the reference input is achievable with

the consideration of the input saturation. ◦
Assumption 4: The system (2) performs repetitive track-

ing over a finite time interval [0, Tf ] where 0 < Tf < ∞
and an identical initial condition is satisfied at every iteration,

i.e., xi(0) = xr(0), ∀i ∈ N . �

Remark 4: Assumption (4) is a standard assumption when

a convergence condition is derived from the input tracking

[9], [16]. If this resetting condition is not satisfied, perfect

tracking performance cannot be achieved. Many ILC algo-

rithms have been proposed to relax this assumption without

achieving perfect tracking. ◦
Assumption 5: It is assumed that the system (2) has a

relative degree2 of one. Moreover, assume ∂h
∂x

(x)g(x) >

0, ∀x ∈ Rn. �

Remark 5: Different from Assumption 1, the relative de-

gree one is defined for the entire Rn instead of D. First

of all, this assumption is always needed in the design of

ILC algorithm [9], [18]. Secondly, the boundedness of the

trajectories of the system (2) cannot be guaranteed. As the

system (2) is nonlinear, the finite escape phenomenon might

happen [15]. ◦
The tracking error is defined as ei(t) , yr(t) −

yi(t), ∀t ∈ [0, Tf ]. The control objective is to find

the desired control input ui(t) for system (2) performing

repetitive tracking such that the output tracking error ei(t)
uniformly converges to zero as i → ∞.

B. Controller Design - Revisiting feedback-based D-type ILC

A standard feedback-based ILC system in shown in Fig. 1.

It consists of a stabilizing feedback and an ILC. The feedback

ensures uniform boundedness of state and output where as

an ILC finds the desired control input in iterations. We use

2For the definition of vector relative degree for a nonlinear MIMO square
system as in (2) refer [17, p.407]
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Fig. 1. Block diagram of standard feedback-based ILC

superscript s to denote control signals corresponding to the

standard system. For such a system the total input is given

by

us
i (t) = u

ff,s
i (t) + u

fb,s
i (t), (7)

where u
ff,s
i (t) represents the feed-forward input from stan-

dard D-type ILC given by (15) and u
fb,s
i (t) denotes the

control input from a stabilizing feedback controller.

Next, both the controllers will be discussed in detail.

1) Feedback controller: Without any loss of generality,

we assume a stabilizing feedback controller of the form:

ufb,s(t) = K (xr(t)− xs(t)) , ∀t ∈ [0, Tf ], (8)

With this feedback control law, the closed loop of the system

(2) becomes

δẋs = f(xr)− f(xs) + g(xr)ur − g(xs)Kδxs. (9)

where δxs = xr − xs. The feedback gain is designed such

that the following assumption is satisfied:

Assumption 6: For the given feedback gain matrix K,

there are a continuous differentiable Lyapunov function V :
D → R≥0, and class-K functions: α1, α2, α3, and α4 such

that the following inequalities hold

α1(|δxs|) ≤ V (δxs) ≤ α2(|δxs|) (10)

∂V

∂δxs
(δxs) [f(xr)− f(xs)− g(xs)Kδxs] ≤ −α3(|δxs|) (11)

∣∣∣∣
∂V

∂δxs

∣∣∣∣ ≤ α4(|δxs|). (12)

Remark 6: The role of the state feedback controller is to

ensure uniform boundedness of the state trajectories without

the input saturation. Therefore it is possible to design ILCs

that are LLC. In addition, state feedback provides robustness

to non-repetitive disturbances and model uncertainties. It is

noted that due to the existence of input saturation, we need

to show that the trajectories of the system with saturated

feedback are still bounded. ◦
Proposition 1: Assume that Assumption 3 and 6 hold.

There exists a domain of attraction D such that the trajecto-

ries of the following dynamic system:

δẋs = f(xr)− f(xs) + g(xr)ur − g(xs)sat (Kδxs,u∗) (13)

will stay in D if the initial condition x0 ∈ D
Proof:The matrix K can be represented as K =

[k1 k2 · · ·kn] where kj ∈ Rm, ∀j = 1, · · · ,m. It is

noted that ∂V
∂δxs (δx

s)g(xs) ∈ R1×m while Kδxs ∈ Rm.

Let D1 be a compact set |kjδxj | ≤ u∗
j , ∀j = 1, · · · ,m.

This indicates that saturation do not happen. It follows that

the Lyapunov function V from Assumption 6 along the

trajectories of the system (13) satisfy

∂V

∂δxs
(δxs) [f(xr)− f(xs)− g(xs)Kδxs] +

∂V

∂δxs
g(xr)ur

≤ −α3(|δxs|) + α4|δxs|Br, (14)

where Br = maxt∈[0,T ] |g(xr(t))ur(t)|. Based on the prop-

erties of α3(·) and α4(·), it is always possible to find

a compact set D such that dV
dt

≤ 0. This indicates the

boundedness of the trajectories of the system (13). This

completes the proof. �

Remark 7: Note that the compact set D takes two possible

forms. The first one is a ball in Rn, which contains origin.

The second one has the following format:

D := {δxs | ν ≤ |δxs| ≤ ∆}
for some positive constants ∆ and ν. However, in both cases,

the trajectories are bounded. ◦
Remark 8: Note that due to Assumption 4, the initial error

δxs(0) = 0, the feedback law will always work in a small

interval of initial time instant. This can prevent the finite

escape from happening. Under such a situation, if the input

signal is bounded, there exists a compact set D̃ ⊂ D, which

depends on the bound of input signal, so that the trajectories

of system (13) are bounded. ◦
2) D-type ILC: The standard D-type ILC is given by

u
ff,s
i+1 (t) =u

ff,s
i (t) + qΓ(t)ėsi (t),

u
ff,s
1 (t) = 0, ∀t ∈ [0, Tf ], i = 1, 2, · · · (15)

where esi (t) , yr(t) − ys
i (t), Γ(t) ∈ Rm×m is a positive

symmetric matrix gain and q > 0 is the learning rate.

For system (2) with control law (7), a sufficient condition

for convergence is given by
∣∣∣∣Im − qΓ

∂h

∂x
(x)g(x)

∣∣∣∣ < 1, ∀x ∈ D, (16)

which is independent of f(x) and feedback gain K. It can be

shown using CM methods that the tracking error converges

uniformly provided that the nonlinear mappings f(·), g(·),
and h(·) are GLC [7], [9], [11].

This work tries to incorporate a feedback control law (8)

with a feed-forward D-type ILC without GLC in the presence

of input saturation. It is worthwhile to highlight that the

technical difficulties are:

• Even though feedback control law is saturated, it can

ensure the bounded trajectories of the system (2). When

both feedback and feed-forward controllers exist, due

to the existence of input saturation, the boundedness of

trajectories cannot be always guaranteed.

• A standard D-type feed-forward ILC design is based

on CM method, which requires GLC condition of the

system. Unless the trajectories of the system (2) are

bounded, the D-type ILC cannot ensure the convergence

of the tracking error.
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Fig. 2. Block diagram of a proposed control configuration

III. PROPOSED CONTROL CONFIGURATION AND

CONVERGENCE ANALYSIS

The proposed control structure consists of a modified D-

type ILC with control saturation and an actuator saturation at

the total control input as shown in Fig. 2.The same saturation

limit, u∗ is assumed for both the saturation functions. The

total control input is given by:

ui(t) =sat(vi(t), u∗)

vi(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], i ∈ N . (17)

where ũ
ff
i (t) = sat(uff

i (t), u∗) represents the modified

input from the ILC control law given by:

u
ff
i+1(t) =ũ

ff
i (t) + qΓ(t)ėi(t), u

ff
1 (t) = 0, (18)

and u
fb
i (t) is the stabilizing feedback control given by:

u
fb
i (t) =K (xr(t)− xi(t)) , (19)

which satisfies Assumption 6.

This leads to the following closed loop system with the

consideration of the system (2) and the system (6):

δẋi =f(xr)− f(xi) + g(xr)ur − g(xi)ui

=δf(xi) + δg(xi)ur + g(xi)δui, i = 1, . . . (20)

where δxi , xr−xi, δui , ur−ui, δf(xi) , f(xr)−f(xi)
and δg(xi) , g(xr)− g(xi).

Theorem 1: The system (2) with the control laws (17),

(18), (19) satisfying the Assumptions 1–6 and the conver-

gence condition (16)

1) can achieve zero output tracking error and state track-

ing error such that ei(t) and δxi(t) converges to zero

uniformly;

2) can ensure uniform boundedness of state xi(t) and feed

forward input u
ff
i (t);

3) and the feed forward input u
ff
i (t) converges to refer-

ence input ur(t) in L2 norm as i → ∞.

Proof: The induction method will be used to show the

boundedness of the trajectories of the closed loop system

(20). In the proof of convergence, the following CEF is

considered:

Ei(t) =
1

2
e−λtδxT

i−1δxi−1 +

∫ t

0

e−λτδu
ff
i

T
(τ)δuff

i (τ)dτ,

∀t ∈ [0, Tf ], i ∈ N ,x0(t) = 0, (21)

for some positive constant λ. The CEF at current iteration

consists of a time weighted state tracking error from previous

iteration and L2
e norm of feed forward control input error

from current iteration.

Let ∆1 be any positive constant. For a given positive con-

stant λ and any given interval [0, Tf ] with e−λt |δx(t)|2 ≤
∆1, there exists a positive constant ∆2 such that ‖δx‖2s ≤
∆2. For this constant ∆2, we can find a compact set D such

that if ‖δx‖2s ≤ ∆2 is satisfied, the desired xr(t), x and δx

will stay in this compact set.

The proof is completed by using the Mathematical Induc-

tion method. Two steps are needed.

Step one will show that E1(t), δx0(t) δx1(t) are uni-

formly bounded by a compact set D, for any t ∈ [0, Tf ].
Note that δx0(t) = xr(t) is bounded and u

ff
1 (t) = 0,

E1(t) is bounded. It is assumed that E1(t) is in a compact

set D.

It is noted that by applying Proposition 1, we can conclude

that the trajectories of the first iteration is uniformly bounded.

It is assumed that δx1(t) ∈ D.

Step 2 will show that if Ek(t) are bounded in the compact

set, we can show that Ek+1(t) will be in the same bound D.

From Remark 7, it is noted that δxi(t) is uniformly bounded

for any iteration.

Assume that at the kth iteration, maxt∈[0,Tf ] Ek(t) ≤ ∆1

and ‖δxk−1‖2s ≤ ∆2. We will show that at the (k + 1)th

iteration, maxt∈[0,Tf ] Ek+1(t) ≤ ∆1 and ‖δxk‖2s ≤ ∆2. The

construction of the compact set D will ensure that for all

t ∈ [0, Tf ], xk(t), δxk(t) and xr(t) are all in this compact

set D.

As for any t ∈ [0, Tf ], xk(t) ∈ D, xr ∈ D, ∂h
∂x

(xk) and

g(xk) are bounded as per Assumption 2. Therefore define

Λ̄hx
, max

xk∈D

∣∣∣∣qΓ
∂h

∂x
(xk)

∣∣∣∣ and Λg , max
xk∈D

|g(xk)|. Denote

Λẋr
, max

x∈D, t∈[0, Tf ]
|f(xr) + g(xr)ur(t)|, and Λur

,

max
t∈[0, Tf ]

|ur(t)|.
At the (k+1)th iteration, the difference of energy function

between two consecutive iterations is given by ∆Ek+1 =
Ek+1 − Ek, therefore

∆Ek+1 =
1

2
e−λt

(
|δxk|2 − |δxk−1|2

)

+

∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δuff

k

∣∣∣
2
)
dτ . (22)

By Assumption 4 and equations (20), (3) and (4), the first

part of first term in equation (22) can be expanded as:
1

2
e−λtδxT

k δxk

= −λ

2

∫ t

0

e−λτδxT
k δxkdτ +

∫ t

0

e−λτδxT
k δẋkdτ

≤ −
(
λ

2
− Cf − CgΛur

)∫ t

0

e−λτ |δxk|2 dτ

+ Λg

∫ t

0

e−λτ |δxk| |δuk| dτ. (23)

By using completion of squares, we can show that there

exists an α > 0 such that:
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|δxk|
∣∣∣δũff

k

∣∣∣

=
√
α |δxk|

1√
α

∣∣∣δũff
k

∣∣∣ ≤ α

2
|δxk|2 +

1

2α

∣∣∣δũff
k

∣∣∣
2

. (24)

Using Lemma 2 on |δuk| yields:
|δuk| = |ur − vk − (sat(vk,u

∗)− vk)|
≤
∣∣∣ur − sat(uff

k ,u∗)− u
fb
k

∣∣∣+ |sat(vk,u
∗)− vk|

≤
∣∣∣δũff

k − u
fb
k

∣∣∣+
∣∣∣ufb

k

∣∣∣

≤
∣∣∣δũff

k

∣∣∣+ 2
∣∣∣ufb

k

∣∣∣ =
∣∣∣δũff

k

∣∣∣+ 2 |K| |δxk| . (25)

where δũ
ff
k = ur − sat(uff

k ,u∗). Substituting (25) back

into (23), followed by (24) gives

1

2
e−λtδxT

k δxk ≤−
(
λ

2
− Λa

)∫ t

0

e−λτ |δxk|2 dτ

+
Λg

2α

∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ , (26)

where Λa = Cf + CgΛur
+ 2Λg |K|+ α

2Λg.

From the ILC update law (18) we have
δu

ff
k+1 = δũ

ff
k − qΓėk, (27)

Using the plant dynamics (2) and reference dynamics (6),

we get

ėk =
∂h

∂x
(xr)ẋr −

∂h

∂x
(xk)ẋk

=

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)
ẋr +

∂h

∂x
(xk)δẋk (28)

Substituting (28) and back into (27), by using (20) provides,

δu
ff
k+1 = P(xk)δũ

ff
k + ζk, (29)

where P(xk) = Im − qΓ∂h
∂x

(xk)g(xk), and

ζk =− qΓ

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)
ẋr

− qΓ
∂h

∂x
(xk)δf(xk)− qΓ

∂h

∂x
(xk)δg(xk)ur

+ qΓ
∂h

∂x
(xk)g(xk)

(
δũ

ff
k − δuk

)
(30)

As the convergence condition (16) is satisfied, it is possible

to find Γ > 0 and q > 0 such that |P(xk)| < ρ < 1.

From (29), we can show that

δu
ff
k+1

T
δu

ff
k+1 − δũ

ff
k

T
δũ

ff
k

= −δũ
ff
k

T
(Im − |P(xk)|2)δũff

k + |ζk|2 + 2ζT
k P(xk)δũ

ff
k

≤ −λp

∣∣∣δũff
k

∣∣∣
2

+ |ζk|2 + 2 |ζk|
∣∣∣P(xk)δũ

ff
k

∣∣∣ , (31)

where λp =
∣∣∣Im − |P(xk)|2

∣∣∣. As |P(xk)| < ρ < 1, we have

λp > 0. The second term in (31) can be written as:

|ζk| ≤
∣∣∣∣−qΓ

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)∣∣∣∣ |ẋr|

+

∣∣∣∣−qΓ
∂h

∂x
(xk)

∣∣∣∣ (|δf(xk)|+ |δg(xk)| |ur|)

+

∣∣∣∣qΓ
∂h

∂x
(xk)

∣∣∣∣ |g(xk)|
∣∣∣
(
δũ

ff
k − δuk

)∣∣∣

=Λz |δxk| (32)

where Λz = q |Γ|Chx
Λẋr

+ Λ̄hx
(Cf + CgΛur

+ 2Λg |K|).
Substituting (32) back into (31) and using (24) yields,
∣∣∣δuff

k+1

∣∣∣
2

−
∣∣∣δũff

k

∣∣∣
2

≤ −λp

∣∣∣δũff
k

∣∣∣
2

+ Λ2
z |δxk|2 + 2Λzρ |δxk|

∣∣∣δũff
k

∣∣∣

≤ −
(
λp −

1

α
Λzρ

) ∣∣∣δũff
k

∣∣∣
2

+
(
Λ2
z + αΛzρ

)
|δxk|2 (33)

In the second term of equation (22) applying Lemma 1

followed by substituting (33) yields
∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δuff

k

∣∣∣
2
)
dτ

≤
∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δũff

k

∣∣∣
2
)
dτ

≤ −
(
λp −

1

α
Λzρ

)∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ

+
(
Λ2
z + αΛzρ

) ∫ t

0

e−λτ |δxk|2 dτ. (34)

The following inequality can be obtained upon substituting

(26) and (34) into (22), and considering the positiveness of
1
2e

−λt |δxk−1|2,

∆Ek+1 ≤−Nλ

∫ t

0

e−λτ |δxk|2 dτ

−Nα

∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ , (35)

where Nλ = λ
2 − Λa − Λz (Λz + αρ); Nα = λp −

1
2α (2Λzρ+ Λg). There exists α > 0 and λ > 2Λa +
Λz (Λz + αρ) such that Nα > 0 and Nλ > 0, which leads

to ∆Ek+1(t) ≤ 0. Therefore, we can conclude Ek+1 ≤ ∆1

as well.

By using induction, for all k = 1, 2, . . ., we can conclude

the boundedness of the trajectories over the finite time

[0, Tf ].
Moreover Ek+1 is non-increasing along the iteration axis

and satisfies (35). Hence

lim
k→∞

∫ Tf

0

e−λτ

[
Nλ |δxk|2 +Nα

∣∣∣δũff
k

∣∣∣
2
]
dτ = 0,

lim
k→∞

‖δxk‖L2
e
= 0 and lim

k→∞

∥∥∥δũff
k

∥∥∥
L2

e

= 0. (36)

Thus point-wise convergence is obtained. Convergence in

the sense of L2
e norm is equivalent to that of L2 norm.

Using the Assumption 3 with the LLC condition of f(·),
g(·) and the boundedness of xi, and ui, from equation (20),

the boundedness of δẋi can be assured. Therefore δxi is

uniformly continuous. Hence uniform convergence of δxi is

ensured when i → ∞. This completes the proof. �

IV. AN ILLUSTRATIVE EXAMPLE

A simple scalar nonlinear system is used to illustrate the

idea of this paper. Consider the system :

ẋ =− 3x+ (1 + 2x2)(u+ 3),

y =x, (37)
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does not satisfy BIBS condition.

When x(0) = 2 and u(t) = −2, the solution of the system

is given by x(t) = 3−et

3−2et which is unbounded. Therefore the

system is not BIBS. In addition, finite escape may happen as

well. In particular, when there is no feedback and the feed-

forward ILC is selected as (18), the trajectories of the system

might be unbounded with a finite time interval.

The feedback controller is taken as ufb(t) = 0.2(xr(t)−
x(t)). The simulation is performed with xr(t) = 2 cos (2t)+
3 sin(t) for t = [0, 1.5] with the ILC update rate q = 0.1 and

u∗ = 3. With these chosen parameters, Assumptions 1–6 and

the convergence condition (16) are satisfied for this example.

The convergence of supremum norm of error in the iteration

domain is shown in Fig.3. The control input vi from (17)

at the first few iterations and the last iteration are shown in

Fig.4. Clearly, though input saturation happens, the tracking

error still converges. This demonstrates the effectiveness of

the proposed method.

V. CONCLUSION

For contraction mapping based design of feedback-based

iterative learning control (ILC) schemes, global Lipschitz

continuity is generally required. This paper proposes a

feedback-based D-type ILC algorithm. Although ILC design

is based on contraction mapping method, by introducing

the feedback, the proposed feedback-based ILC algorithm is

applicable to nonlinear dynamic system that satisfy neither

global Lipschitz continuity condition nor bounded-input-

bounded-state condition. Moreover, input saturation is also

considered to address the constraints from actuators. A

new composite energy function is proposed to prove the

convergence of this control scheme with the help of novel

induction based proof technique.
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