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Abstract

The use of feedback-based iterative learning control (ILC) has been widely reported in the literature to reduce large transient
errors in the iteration-domain. Using both feedback and feed-forward (ILC) would result in large control input. However, due to
the existence of hardware limitation, input constraints exist. Such a hard constraint might lead to unacceptable performances
such as unstable trajectories in the time-domain and steady-state error in the iteration-domain. In this paper, a feedback-based
ILC design is proposed for a class of linear-time-invariant system in the presence of input constraints. The proposed control
scheme consists of two parts: one (feedback) deals with the performance in time domain while the other (ILC) ensures ensure
the perfect tracking performance. With the help of composite energy function, it is shown that the proposed algorithm can
ensure the perfect tracking performance in the presence of hard input constraints under appropriate assumptions. Simulation
results support the theoretical findings.
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1 Introduction

The field of iterative learning control (ILC) stems from
the seminal work of [4] in trajectory tracking of robotic
systems. By “learning” from previous iterations, an
ILC algorithm can achieve perfect tracking performance
without the precise knowledge of engineering systems.
It finds applications in many engineering systems where
the system performs the same task over iterations with
a high tracking precision requirement. Examples include
chemical batch processes [16,17], robotic manufacturing
systems [13, 15], precision motion control systems [1, 5],
traffic flow control [10], control of wind turbine ro-
tors [27], modelling of human motor learning [32], and
robotic rehabilitation [8, 31]. More applications can be
found in the survey papers [6,18] and references therein.

The idea behind the ILC is “practice makes perfect”.
The errors observed in previous iterations can be used to
correct the behaviour of the current iteration. Thus, ILC
algorithms have a feed-forward nature. As past informa-
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tion is used in updating the current iteration, the re-
quirement of model knowledge is relaxed. Thus the ILC
scheme is described as a “model-free” or “data-driven”
control method.
Two major analysis tools have been used in the design
of ILC for continuous-time systems. One is the contrac-
tion mapping (CM) method and the other is composite
energy function (CEF) [28]. Both approaches focus on
convergence in the iteration-domain by ignoring the dy-
namics in the time-domain. Two methods can also be
unified as indicated in [25].
A pure feed-forward ILC is relatively simple to design
using CM methods. However, without the feedback, the
tracking performance of first few iterations may not be
acceptable as in many applications, the output needs
to be constrained in some safe regions. For example,
in chemical processes or rehabilitation robotic systems,
the output signals usually have hard constraints as well.
In the sequel, feedback is introduced to work together
with ILC to reduce the tracking error in the transient of
iteration-domain as well as to improve the robustness to
non-repetitive disturbances [9, 30].
In this paper, the feedback-based ILC refers to the con-
trol structure where the control input has the feedback
component to ensure the boundedness of the trajecto-
ries while the ILC learns the desired control input. The
feedback can be either state feedback or output feed-
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back. Output feedback works well for output tracking
problems when the internal state is well behaved. Under
such a situation, for a linear-time-invariant (LTI) sys-
tem, frequency domain analysis using CM is sufficient to
ensure the convergence within the frequency band of in-
terests [3,7,12]. When the system is non-minimum phase
or nonlinear, the output feedback might not be sufficient
to ensure the boundedness of the state. In particular,
when the system is nonlinear, finite escape of the state
might happen without affecting the convergence of the
output [14]. Hence this work considers a feedback-based
ILC scheme that has both the state feedback and an ILC
to track the desired output.
The input constraints exist due to actuator limitations.
It is highlighted that an ILC algorithm is typically an
integrator over the iteration-domain, i.e. the update law
generally takes the following form:

ui+1(t) = ui(t)+fu(ei+1(t), ei(t), · · · , ei+1−k), t ∈ [0, Tf ],

where subscript i represents the iteration number, u is
the control input and k is some integer. Therefore, it
is possible to generate an unbounded control input as
the iteration number goes to infinity. Due to input hard
constraints, such an unbounded input is not feasible. For
continuous-time systems, input constraints have been
addressed in for ILC in [25,29] and [24]. In these schemes,
the current feedback is used to track the desired state
trajectory using CEF method.

To the best of the authors’ knowledge, input satura-
tion has not to be considered for feedback-based ILC
schemes, in which the feedback design and feed-forward
ILC are decoupled. This paper differs from the major-
ity of feedback-based ILC design where state-feedback
is used instead of output feedback to ensure that all the
state signals are well-behaved. The role of feed-forward
(ILC) is to ensure convergence by learning. The contri-
butions of this paper are highlighted as follows:

(1) A new updating structure is proposed to han-
dle input saturation for feedback-based ILC. It is
highlighted that the feedback-based ILC is first de-
signed without taking input saturation into consid-
eration. In order to handle the actuator saturation,
the feed-forward ILC is modified. By fully exploit-
ing the properties of the saturation function, the
proposed structure can ensure a perfect tracking
performance when the desired output trajectory is
feasible within the saturation bound.

(2) The feed-forward ILC is designed based on the CM
method with a convergence condition. However a
novel CEF technique is used to analyse the con-
vergence in the presence of input saturation. The
CEF is composed of tracking error in terms of the
state of the past trial as well as the L2 norm error
between feed-forward control input and the desired
control input at the current trial. When the con-
vergence condition is satisfied, the proposed control

algorithm can ensure the convergence of the track-
ing error with input saturation with the help of this
novel CEF as shown in the main result (Theorem
1).

It should be noted that to demonstrate our idea to handle
input saturation for feedback-based ILC, a simple multi-
input-multi-output (MIMO) LTI system with a relative
degree of one is used in this paper. However, the anal-
ysis can be extended to general nonlinear time-varying
systems with a higher relative degree by using a similar
CEF.
The structure of the paper is organised as follows. Sec-
tion 2 provides the preliminaries and presents the prob-
lem formulation. The proposed algorithm is presented in
Section 3, followed by an analysis of boundedness of tra-
jectories in the presence of input saturation. In Section
4, the convergence of the proposed control algorithm is
investigated using a novel CEF followed by an illustra-
tive example in Section 5. Section 6 concludes the paper.

2 Preliminaries and Problem Formulation

We use the following notations in this paper. R and N
represents the set of real and natural numbers respec-
tively. R+ denotes the set of positive real numbers. For
any vector x ∈ Rn represents a vector with n elements,
i.e x = [x1, x2, · · · , xn]⊺ and |x| denotes the Euclidean
norm where |x| =

√
x⊺x. For any matrix A ∈ Rn×n,

|A| represents the induced matrix norm. A = AT > 0
indicates A is a symmetric positive definite matrix. For
a symmetric positive definite matrix A, λmin(A) and
λmax(A) represent its smallest and its largest eigenvalue
respectively. The matrix In denotes the identity matrix
of dimension n. The symbol i ∈ N denotes the iteration
number and the subscript (·)i indicates the signal at the
ith iteration. For any j ∈ N , the set of all continuous
function in [0, Tf ] that is differentiable upto jth order
is represented by Cj [0, Tf ]. Next, a few definitions are
introduced.

Definition 1 For any x(·) ∈ C[0, Tf ], the supre-

mum norm is defined as ‖x‖s , max
t∈[0, T ]

|x(t)|
∞
, and

the λ - norm is defined for a given λ > 0 as ‖x‖λ ,

max
t∈[0, Tf ]

e−λt |x(t)|
∞

, where |x|
∞

= max
j∈[1, 2, ··· , n]

|xj |.

Remark 1 The supremum norm and the λ - norm are
equivalent [28, Chapter 2]. These two norms can be used
to show the uniform convergence of the tracking error in
the finite time interval [0, Tf ]. ◦

Definition 2 For any x ∈ C[0, Tf ] the L2 norm is de-

fined as ‖x‖
L2 ,

(∫ Tf

0
|x(τ)|2dτ

) 1

2

where as theL2
e norm
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is defined as ‖x‖
L2

e
,

(∫ Tf

0
e−λτ |x(τ)|2dτ

) 1

2

, for any

λ > 0.

Remark 2 For any x ∈ C[0, Tf ], its L2 norm and L2
e

norm are equivalent. So the convergence in terms of L2
e

norm indicates the convergence of L2. ◦

Definition 3 The saturation function for any u ∈ R
is defined as sat(u, u∗) , sign (u)min{u∗, |u|} where
u∗ > 0 is a scalar constant. For any u ∈ Rm,

sat(u,u∗) =
[
sat(u1, u1∗), · · · , sat(um, um∗

)
]⊺

where

u∗ = [u1∗ , · · · , um∗

] is a vector of constants with
uj∗ > 0, ∀ j ∈ [1, 2, · · · , m].

In order to facilitate the proof of main theorem, the fol-
lowing lemmas are used.

Lemma 1 For any given ur, and u ∈ Rm and u∗ ∈ Rm
+

satisfying sat(ur,u
∗) = ur and if δu and δũ are defined

as δu , ur − u and δũ , ur − sat(u,u∗) respectively,

then |δũ|2 ≤ |δu|2 [29, Property-3]. ✷

Lemma 2 Let v, u, w ∈ Rm and u∗ ∈ Rm
+ . If v =

sat(u,u∗)+w, then |sat(v,u∗)− v| ≤ |w| holds true [29,
Property-4 ]. ✷

2.1 Plant Model

For the simplicity of presentation, consider an LTI
MIMO square system 1 represented in the state space as

ẋi(t) =Axi(t) +Bui(t)

yi(t) =Cxi(t), (1)

where xi ∈ Rn and yi,ui ∈ Rm are the state, output
and input at the ith iteration respectively and matrices
(A,B,C) have appropriate dimensions.

Assumption 1 For system (1), (A,B) is controllable.
✷

The controllability of system (1) indicates the design
freedom in placing the system closed loop eigenvalues
arbitrarily. For simplicity, we assume that the state is
measurable. It is noted that in the design of the feed-
forward ILC, the matrices (A,B,C) are not completely
known. The only information needed is the convergence
condition (see Equation (8)).

Assumption 2 For a given reference trajectory yr ∈
C1[0, Tf ] and a given input saturation limit u∗ ∈ Rm

+ ,

1 A MIMO square system is defined as a system which has
the same dimensions for the input and output vectors

there exists a reference input ur ∈ C[0, Tf ], and a refer-
ence state xr ∈ C1[0, Tf ] that satisfy the system dynam-
ics (1), such that

ẋr(t) =Axr(t) +Bur(t)

yr(t) =Cxr(t), (2)

where sat(ur(t),u
∗) = ur(t) for any t ∈ [0, Tf ]. ✷

Remark 3 Assumption 2 is sometimes called the model
matching condition. It should be noted that in the con-
vergence analysis of ILC, two types of convergences are
widely used: one is for output tracking (yi(t) → yr(t))
and the other is for input tracking (ui(t) → ur(t)).
Usually, the output tracking requires less knowledge of
the system or a relatively weaker set of assumptions. In
contrast, the input tracking requires Assumption 2 and a
stronger resetting condition as shown in Assumption 3. It
should be noted that when the input saturation is consid-
ered, Assumption 2 is always needed to define reachable
trajectory. ◦

Assumption 3 We assume that the system performs
the task repetitively over a finite interval of time
[0, Tf ], 0 < Tf < ∞, and satisfies the identical initial
condition (i.i.c), expressed as xi(0) = xr(0), ∀i ∈ N . ✷

As discussed in Remark 3, this resetting condition is
needed when input tracking is considered (see for exam-
ple, in [28]).

Assumption 4 It is assumed that system (1) has a rel-
ative degree 2 of one. For simplicity of presentation, it is
assumed that CB > 0. ✷

It is possible to relax Assumption 4 as the same anal-
ysis can be extended to systems with a higher relative
degrees.

The tracking error at the ith iteration is defined as:

ei(t) , yr(t)− yi(t). (3)

The control objective is to find the control input ui(t)
for the system (1) with a saturation constraint such that
when the task is repeated, the output error ei(t) uni-
formly converges to 0. More precisely, ∀ǫ > 0, ∃ N∗ =
N(ǫ) such that ∀i ≥ N∗, the tracking error satisfies :
|ei(t)| ≤ ǫ, ∀t ∈ [0, Tf ].

2.2 Controller Design

In this section, a standard design of feedback-based ILC
scheme is reviewed where input saturation is not taken
into account. Then a novel ILC algorithm is proposed to

2 “If the relative degree of system (1) is r, then CB =
CAB = · · · = CA

r−2
B = 0 and CA

r−1
B 6= 0” [19, p.387].
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Fig. 1. Block diagram of D-type ILC with a stabilising feed-
back controller.

handle the input saturation. The schematics of the stan-
dard feedback-based ILC is shown in Fig.1.
The control law for the ith iteration is generated from a
dual controller design which is composed of a stabilising
feedback controller and a feed-forward ILC. The state
feedback is designed to ensure a good tracking perfor-
mance of output and the state whereas the ILC is ex-
pected to iteratively find the desired control input for
the reference trajectory. Without any loss of generality,
we assume a stabilising feedback controller of the follow-
ing form,

u
fb,s
i (t) = K (xr(t)− xs

i (t)) , ∀t ∈ [0, Tf ], (4)

whereK ∈ Rm×n is the feedback gain such that the ma-
trix (A − BK) is Hurwitz. If (A,B) are known, many
techniques such as LQR, H∞ and pole-placement can
be used to design this feedback gain based on different
control objectives in the time-domain. If (A,B) are un-
known, some high-gain K can ensure the stability of the
closed loop. When saturation happens, such a high gain
controller might not work well. Here the superscript s is
used to uniquely represent the signals from the feedback-
based ILC scheme without considering the input satu-
ration.

Remark 4 The use of state feedback makes it easier to
extend the dual control loop (or feedback-based ILC) to
nonlinear time-invariant or time-varying systems. The
role of introducing state feedback is two-fold. Firstly, in
the LTI case, the role of state feedback is to ensure the
good transient response in iteration-domain. For nonlin-
ear cases, the state feedback can be used to ensure some
given boundedness of the state trajectories. Once the state
is bounded, it is possible to design ILC algorithms for
nonlinear systems that are locally Lipschitz continuous
(or global Lipschitz continuous when the state is already
bounded) [26]. Secondly, the state feedback provides ro-
bustness with respect to modeling uncertainties and a
large class of non-repetitive disturbances. ◦

For the feedback-based ILC system shown in Fig.1, the
total input is given by

us
i (t) = u

ff,s
i (t) + u

fb,s
i (t), (5)

where u
ff,s
i (t) represents the feed-forward input from

D-type ILC given by (7).

Remark 5 Usually, the feed-forward ILC is designed to
track the reference output trajectory yr(t). In this paper
both tracking error in terms of output (feed-forward) and
the state (feedback) are used. In many applications such
as robotic systems, the state can be computed directly from
the output. For example, when the position is measured,
the velocity can be computed from the position signals. If
the task is repeatable, the desired input can be learned by
using ILC. ◦

The error dynamics of the closed loop system can be
written in the form:

δẋs
i (t) = (A−BK) δxs

i (t) +Bδu
ff,s
i (t)

δys
i (t) =Cδxs

i (t), (6)

where δxi
s = xr − xs

i and δu
ff,s
i = ur − u

ff,s
i .

The D-type ILC is given by

u
ff,s
i+1 (t) = u

ff,s
i (t) + qΓėsi (t),

u
ff,s
1 (t) = 0, t ∈ [0, Tf ], i = 1, 2, · · · , (7)

where esi (t) , yr(t) − ys
i (t), Γ ∈ Rm×m is a positive

definite matrix gain, q ∈ R is the learning rate.

Remark 6 One of the underlying assumptions in ILC
design is that the actual model information (A,B,C) is
unknown to the designer and only the nominal model of
the plant (A0, B0, C0) is available. The ILC update law
(7) has two parameters for tuning– the learning rate q
and matrix gain Γ– as compared with the conventional
updating law [28]. This allows the designer to calculate Γ
as the inverse of the nominal value of matrix C0B0 and
tune the parameter q such that the convergence condition
(8) is satisfied when implemented with the real system. ◦

The sufficient condition for the convergence of the closed
loop system (6) is

|Im − qΓCB| < 1, (8)

which does not depend on closed loop matrix (A−BK).
Under Assumption 4 and a weaker Assumption 3, by us-
ing CM method,it can be shown that the λ -norm of the
tracking error converges [28]. By using the norm equiva-
lence condition, the supremum norm also convergences.
This convergence condition (8) gives the flexibility to de-
sign the tuning parameter Γ and learning rate q without
the knowledge of the system matrix A. It is noted that
the ILC algorithm (7) has an integral format along the
iteration-domain. Thus it is quite likely when the itera-
tion number goes to infinity, the ILC control input might
be unbounded at some time instants. Moreover, the ex-
istence of feedback (4) can also cause undesirable per-
formance in time-domain when input saturation is con-
sidered. The question is - How to modify the feedback-
based ILC consisting of ((4),(5), and (7)) such that the
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Fig. 2. Block diagram of a proposed dual controller system
with input saturation.

tracking error converges in the presence of input satu-
ration under the Assumptions 1 – 4?. Similar to stan-
dard anti-windup idea in classic PI control design [11],
the main idea of this work is to design feedback-based
ILC without considering input saturation while an novel
structure is proposed to handle input saturation.

3 Proposed Control Law

The proposed control structure that incorporates the ac-
tuator saturation is shown in Fig. 2. It has two satu-
ration constraints – the first saturation function is the
soft constraint that stems from the ILC controller where
as the second saturation function is the hard limitation
from the actuator input to plant. It is assumed that both
saturation functions have the same limit, represented by
u∗.
The control input is given by

ui(t) =sat(vi(t), u
∗)

vi(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], (9)

where ũff
i (t) = sat(uff

i (t), u∗) represents the modified

input from the ILC control law given by (10) and u
fb
i (t)

is the stabilising feedback control given by (11).
The proposed ILC algorithm is given by:

u
ff
i+1(t) =sat(uff

i (t), u∗) + qΓėi(t), u
ff
1 (t) = 0, (10)

u
fb
i (t) =K (xr(t)− xi(t)) , ∀t ∈ [0, Tf ], i ∈ N . (11)

The ILC update law (10) is a modified form of a stan-
dard D-type ILC control law where an input saturation
constraint is included to account for the hard limitations
from the actuator. The saturation function in the update
law plays a critical role in the iteration-domain perfor-
mance. A saturation function could deteriorate the sys-
tem performance and even lead to unstable performance.
This paper analyse the convergence of the proposed ILC
for a system with hard constraints from the actuator in
the presence of a closed loop feedback controller.

Remark 7 Generally, ILC does not require the full state
information for the perfect output tracking. The ILC

update law, (10) is based on the output tracking error
whereas a stabilising state feedback is used. This dual con-
troller design is widely used in the literature [2, 21, 22]
without considering the hardware constraints from actu-
ators.
ILC (7) can track the desired output trajectory when As-
sumptions 1–4 are satisfied. However, when the feedback
control law (4) is used, it may also lead to saturation in
the time-domain. Therefore, incorporating feedback into
ILC design will make the convergence analysis difficult
due to the existence of input saturation. ◦

Proposition 1 is used to show that at the first itera-
tion iteration, as uff = 0, the linear state feedback law
(11) can ensure the boundedness of trajectories by using
feedback control law in the presence of input saturation.
Even though the saturation can happen, the closed loop
trajectories are still bounded over a finite time interval
[0, Tf ]. Again, it is possible that the feed-forward ILC
could saturate the system, however because of Assump-
tion 3 and finite time nature of the task, the trajectories
are always bounded. This is discussed in Remark 9.

Proposition 1 For a given time interval [0, Tf ], for the
system (1) with control laws (9) – (11) satisfying the
Assumptions (1)– (4), all the trajectories of the system
will stay in a compact setD when the feed-forward control
input uff = 0.

Proof: When the feed-forward control input is zero, the
system dynamics can be written in the form,

δẋ = (A−BK)δx+Bur −B (Kδx− sat(Kδx, u∗)) .
(12)

Consider a Lyapunov candidate V = 1
2δx

⊺δx. The
derivative of V along the trajectories of (12) results in

V̇ =δx⊺(A−BK)δx+ δx⊺Bur

+ δx⊺B (Kδx− sat(Kδx, u∗)) . (13)

Obviously, K is chosen to have A − BK as a Hurwitz
matrix. There exists a positive constant Lc1 such that

|Kδx− sat(Kδx, u∗)| ≤ Lc1 . |δx| (14)

This leads to

V̇ ≤−η |δx|2 + |B| |δx| |ur|+ |B|Lc1 |δx|2

≤−2 (η − |B|Lc1)V + |B| |ur|
√
2V , (15)

for some η > 0. Due to Assumption 3, V (0) = 0, in the
worst case, this Lyapunov function grows exponentially
[14, Lemma 2.5 (Comparison Lemma) ]. Therefore, it is
possible to conclude that the trajectories are bounded
for any t ∈ [0, Tf ]. ✷

Remark 8 Proposition 1 shows that when there is no
feed-forward ILC, with input saturation, the feedback con-
trol law can ensure the boundedness of trajectories in a
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finite time interval [0, Tf ]. Of course, as the system is
controllable, by selecting the compact set of initial condi-
tion, it is possible to find a suitable feedback gain K such
that the input saturation will not happen for this set of
initial condition. Usually such feedback gain matrix can-
not be very large. However, as the precise model of the
system is unknown, it is hard to find such a small matrix
K. In many applications, when the precise model is not
completely known, a controller with a sufficiently high
gain always work. But it will lead to input saturation.
However, even if the input saturates, the closed loop tra-
jectories will be still bounded over a finite time interval. ◦

Remark 9 When the feed-forward ILC exists, the closed
loop dynamics can be written in the form,

δẋ = (A−BK)δx+Bδũff +B (v − sat(v, u∗))
(16)

Similar to the proof of Proposition 1, using the same
Lyapunov candidate, it leads to

V̇ ≤ −η |δx|2 + |B| |δx|
∣∣δũff

∣∣+ |B|Lc1 |δx|2 , (17)

for some η > 0. As long as
∣∣δũff

∣∣ ∈ L2, it is not difficult
to show that the trajectories of closed loop (feedback and
feed-forward ILC) is uniformly bounded over a finite time
interval [0, Tf ]. ◦

4 Convergence analysis

The main result is stated in Theorem 1.

Theorem 1 Under the Assumptions 1–4, the system (1)
with the control laws (9),(10),(11) satisfying the conver-
gence condition (8) can

(1) achieve zero output tracking error such that ei(t)
converges to zero uniformly as i → ∞ ;

(2) achieve zero state tracking error in the sense that
δxi(t) converges to zero uniformly as i → ∞;

(3) ensure uniform boundedness of uff
i (t) for all i ∈ N ;

(4) and the feed forward input uff
i (t) converges to ref-

erence input ur(t) in L2 norm as i → ∞.

Proof: The proof consists of three main sections. Sec-
tion 4.1 establishes the boundedness of the state and the
output signals. Section 4.2 derives the difference of en-
ergy function and finally, Section 4.3 proves the conver-
gence.
For the proof of convergence, we propose a new time
weighted CEF, Ei. For any given λ > 0, Ei is given by:

Ei(t) =
1

2
e−λtδx

⊺

i−1(t)δxi−1(t)

+

∫ t

0

e−λτδu
ff
i

⊺

(τ)δuff
i (τ)dτ,

∀t ∈ [0, Tf ], i ∈ N ,x0(t) = 0, (18)

where δx(t) = xr(t)−x(t) and δuff (t) = ur(t)−uff (t).
This CEF incorporates a time weighted state tracking
error and L2

e norm of the control input error. The first
term is similar to a Lyapunov function which deals with
the state tracking error of the previous iteration. The
second term is equivalent to the L2 norm of the control
input from the ILC. The intention of this proof is to show
that ∆Ei+1(t) (19) is non-positive and E1(t) is bounded
which leads to the convergence of output tracking and
state tracking error as well as the convergence of feed-
forward control input in L2 norm sense.
For convenience, we omit the notation t from the control
signals in the following sections whenever appropriate.

4.1 Boundedness property

It is noted that the CEF at the current iteration Ei has
the δxi−1 and L2 norm of δui. At the first iteration,
Proposition 1 show that the δx1 is bounded. Note that
E1 is bounded, the boundedness of δx1 is used to shows
that E2 − E1 is non-increasing for any time instant in
[0, Tf ]. While E2 is bounded, it indicates that δu2 is in
L2. Remark 9 indicates that δx2 will be bounded. If it
can be show thatEi+1 ≤ Ei, then δui will have a uniform
bound in L2, leading to a uniform boundedness of δxi.

Next, it will show that if Ei is bounded, then Ei+1 ≤ Ei.

4.2 Difference of composite energy function

In this section of the proof we show that the CEF is
non-increasing in the iteration-domain. The difference
of energy function between two iterations is :

∆Ei+1 =Ei+1 − Ei

=
1

2
e−λt

(
|δxi|2 − |δxi−1|2

)

+

∫ t

0

e−λτ

(∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2
)
dτ. (19)

In the following part of this proof, we establish a few
relations that are beneficial in concluding the proof of
the theorem.
Firstly, from the ILC update law (10) we have

δu
ff
i+1 = δũ

ff
i − qΓėi, (20)

where δũff
i = ur−sat(uff

i ,u∗). Using the plant dynam-
ics (1) and reference dynamics (2), we get

qΓėi = qΓCAδxi + qΓCBδui. (21)

Substituting (21) back into (20) yields,

δu
ff
i+1 =Pδũff

i + zi, (22)

where P = (Im − qΓCB) and zi = −qΓCAδxi +

qΓCB(δũff
i − δui). Using (22), we can show that
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δu
ff
i+1

⊺

δu
ff
i+1 − δũ

ff
i

⊺

δũ
ff
i

= −δũ
ff
i

⊺

(Im − P⊺P)δũff
i + |zi|2 + 2z⊺i Pδũ

ff
i

≤ −λp

∣∣∣δũff
i

∣∣∣
2

+ |zi|2 + 2 |zi|
∣∣∣Pδũff

i

∣∣∣ , (23)

where λp = λmax(Im − P⊺P).
It is possible to find Γ > 0 and q < 1 such that |P | < 1
(as in Equation (8)) which leads to Im − P⊺P > 0 and
therefore λp > 0.

Secondly, using Lemma 2 on
∣∣∣δũff

i − δui

∣∣∣ yields,
∣∣∣δũff

i − δui

∣∣∣ =
∣∣∣ui − ũ

ff
i

∣∣∣ =
∣∣∣sat(vi,u

∗)− vi + u
fb
i

∣∣∣

≤ |sat(vi,u
∗)− vi|+

∣∣∣ufb
i

∣∣∣

≤2
∣∣∣ufb

i

∣∣∣ = 2 |K| |δxi| . (24)

With the aid of (24), the second term in (23) yields

|zi| =
∣∣∣−qΓCAδxi + qΓCB(δũff

i − δui)
∣∣∣ ≤ λf |δxi| ,

(25)

where λf = |qΓCA|+ 2 |qΓCB| |K|.
Thirdly, by using completion of squares, we can show
that there exists an α > 0 such that:

|δxi|
∣∣∣δũff

i

∣∣∣

=
√
α |δxi|

1√
α

∣∣∣δũff
i

∣∣∣ ≤ α

2
|δxi|2 +

1

2α

∣∣∣δũff
i

∣∣∣
2

. (26)

Lastly, using Lemma 2 on |δui| yields:

|δui| = |ur − sat(vi,u
∗)|

= |ur − vi − (sat(vi,u
∗)− vi)|

≤
∣∣∣ur − ũ

ff
i − u

fb
i

∣∣∣+ |sat(vi,u
∗)− vi|

≤
∣∣∣δũff

i

∣∣∣+ 2 |K| |δxi| . (27)

Using Lemma 1 on
∣∣∣δuff

i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2

followed by sub-

stituting (25) yields

∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2

≤
∣∣∣δuff

i+1

∣∣∣
2

−
∣∣∣δũff

i

∣∣∣
2

≤−
(
λp −

1

α
λf |P|

) ∣∣∣δũff
i

∣∣∣
2

+
(
λ2
f + αλf |P|

)
|δxi|2 . (28)

Next, we make use of (23)- (28) to find the difference
of CEF. Using the Assumption 3, the first part of first
term in equation (19) can be expanded, followed by sub-
stituting (27) and (26), it yields

1

2
e−λt |δxi|2 = −λ

2

∫ t

0

e−λτ |δxi|2 dτ +

∫ t

0

e−λτδx
⊺

i δẋidτ

= −λ

2

∫ t

0

e−λτ |δxi|2 dτ

+

∫ t

0

e−λτδx
⊺

i (Aδxi +Bδui) dτ

≤ −
(
λ

2
− λk

)∫ t

0

e−λτ |δxi|2 dτ

+
1

2α
|B|

∫ t

0

e−λτ
∣∣∣δũff

i

∣∣∣
2

dτ. (29)

where λk = |A|+ 2 |B| |K|+ α
2 |B|.

The difference of energy equation can be expanded by
substituting (29) and (28) into (19) as well as considering

the positiveness of |δxi−1|2 in (19). This results in the
inequality relation:

∆Ei+1 ≤− Lλ

∫ t

0

e−λτ |δxi|2 dτ

− Lα

∫ t

0

e−λτ
∣∣∣δũff

i

∣∣∣
2

dτ, (30)

where Lλ = λ
2 − λk − λ2

f − αλf |P |; Lα = λp −
1
2α (2λf |P|+ |B|). There exists α > 0 and λ >

2
(
λk + λ2

f + αλf |P|
)
such that Lα > 0 and Lλ > 0,

which leads to ∆Ei+1(t) ≤ 0. Therefore we can conclude
that Ei+1 is non-increasing along the iteration axis.

4.3 Convergence property

In this section, point-wise convergence is attained fol-
lowed by the uniform convergence property. For point
wise convergence, we show that δxi(t) → 0 as i → ∞
and δu

ff
i (t) → 0 as i → ∞ point-wisely.

Firstly,Ei+1(t) = E1(t)+
∑i

j=1 ∆Ej+1(t), ∀t ∈ [0, Tf ].

As ∆Ei+1(t) ≤ 0, Ei+1(t) is non increasing along the it-
eration axis. This means that limi→∞ Ej+1(t) exists and

limi→∞ Ei+1(t) = E1(t) + limi→∞

∑i

j=1 ∆Ei+1(t) ≤
E1(t). This series will bounded if E1(t) is finite. As x0 =

0 and u
ff
1 = 0, E1(t) = 1

2e
−λt |xr|2 +

∫ t

0
e−λτ |ur|2dτ .

As per Assumption 2, xr and ur are uniformly contin-
uous functions, hence E1(t) is finite for t ∈ [0, Tf ]. In

addition,
∑i

j=1 ∆Ei+1(t) converges. From the conver-

gence theorem [23], as the sum of the series converges to
zero, the series converges, leading to limi→∞ ∆Ei+1(t) =
0, ∀t ∈ [0, Tf ]. Specifically, when t = Tf , (30) yields:

lim
i→∞

∫ Tf

0

e−λτ

[
Lλ |δxi|2 + Lα

∣∣∣δũff
i

∣∣∣
2
]
dτ = 0,

lim
i→∞

‖δxi‖L2
e
= 0 and lim

i→∞

∥∥∥δũff
i

∥∥∥
L2

e

= 0. (31)
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Moreover, the uniform boundedness of δẋi(t) ensures the
uniform continuity of δxi(t). This leads to the following
conclusions

(1) the state tracking error converges to 0 uniformly,
(2) consequently the output tracking error converges

uniformly,
(3) the feed-forward control input converges uniformly

in L2 norm sense as i → ∞.

This completes the proof. ✷

Remark 10 AlthoughTheorem 1 states that lim
i→∞

u
ff
i (t) =

ur(t), we can conclude that lim
i→∞

ui(t) = ur(t) as the

feedback disappears as the iteration number approaches
to infinity. ◦

Remark 11 Note that λk, λf ,P, B are the system pa-
rameters. The value of λ in the CEF plays an important
role in the proof. By selecting a suitable λ, it is possi-
ble to ensure that input-output mapping will dominate
the convergence analysis. If the condition (8) is satisfied,
this CEF can ensure the convergence of tracking errors
in terms of the input, the state, and the output. ◦

Remark 12 The CEF (18) has a unique form as it
consists of the state tracking performance of last itera-
tion and the current error in terms of feed-forward in-
put signal with respect to the reference input. The CEF
is a kind of energy function along both the time-domain
and iteration-domain. The convergence is related to the
performance when the iteration number goes to infinity.
Thus the CEF can have the flexibility to deal with signals
at different iterations. If the CEF converges, we can ob-
tain the convergence of tracking error (both in state and
output). ◦

5 An Illustrative Example

In order to demonstrate the effectiveness of the proposed
controller, we consider (1) with system matrices:

A =




0 1 0 0

0 −2 0 −1.5

0 0 0 1

0 −0.75 0 2



, B =




0 0

2.5 0.45

0 0

0.45 3




C =

[
0 1 0 0

0 0 0 1

]
. (32)

The system model (32) is a linearised model of a two
link robot manipulator at the joint space. The reference
output yr(t) = [r(t), r(t)]⊺ is the reference velocity of
joint angles where

Fig. 3. State reference trajectories

r(t) =





0, 0 ≤ t ≤ Tf

8

φ1(t),
Tf

8 < t ≤ 3Tf

8

1,
3Tf

8 < t ≤ 5Tf

8

φ2(t),
5Tf

8 < t ≤ 7Tf

8

0,
7Tf

8 < t ≤ Tf

, (33)

φ1(t) =
3

τ2

(
t− Tf

8

)2

− 2

τ3

(
t− Tf

8

)3

, φ2(t) = 1 −

3

τ2

(
t− 5Tf

8

)2

+
2

τ3

(
t− 5Tf

8

)3

and τ =
Tf

4 . For Tf =

2, the reference state x1
r, x

2
r, x

3
r and x4

r are plotted in Fig.
3 which satisfies the Assumption 2.

The matrix A in (32) is not Hurwitz, but (A,B) is con-
trollable. The feed-forward is designed such that Γ =
(CB)−1 and q = 0.95, which satisfies the convergence
condition (8) as well as λp > 0. The derivative of output
tracking error is calculated by using the backward dif-
ference method followed by a noise filtering using a third
order Butterworth filter of cut-off frequency 250Hz. A
time step of 0.001s is used in simulations.

The purpose of following simulations is to compare the
transient performance in the iteration-domain, hence the
supremum norm of tracking error and control input is
plotted for different cases as explained in the following
subsections.

5.1 Revisiting standard D-type ILC without hard input
constraint

In this subsection, the responses of the system when im-
plemented with a standard D-type ILC and feedback
controller (as explained in Section 2.2 ) and D-type ILC
with the feedback without any hard input saturation are
discussed. Two simulations were performed with a stan-
dard D-ILC – one without a feedback and another with
a feedback controller. The feedback gain is selected by
placing the closed loop poles at [−10,−5,−5± 3j]. The
supremum norm of output tracking error is shown in Fig.
4. It can be seen that the use of feedback controller has
improved the transient response in the iteration-domain
(smaller overshoot in iteration domain). However, the

8



Fig. 4. Convergence of supremum norm of tracking error in
iteration domain without hard input saturation

convergence speed in terms of number of iterations has
been affected in the case where feedback controller is
used with the feed-forward ILC. This effect of feedback
gain in the convergence of feed-forward ILC has been
investigated in [20].

Next, the responses of the system (two cases) in pres-
ence of hard input saturation are investigated. Due to
existence of input constraints, the feed-forward ILC with
feedback cannot work in some cases.

5.2 ILC with hard input constraint

In this subsection, in order to test the robustness of the
proposed method, two set of simulations were performed
with the consideration of hard input constraint for feed-
forward ILC, feed-forward ILC with feedback, and the
proposed feedback-based ILC respectively. For the sim-
ulations, u∗ = [2.1, 2.1]⊺ is chosen as the saturation
limit. The first set of simulations compare with stan-
dard D-type ILC with the proposed feedback-based ILC
while the second set of simulations compare the stan-
dard D-type ILC with the proposed feedback-based ILC
when there are white noises in measured state signals.
For both the simulations, feedback gain K is chosen by
placing the closed loop poles at [−40, − 30, − 14± 8j].
This high gain feedback is chosen to handle the non-
repeatable noises in the state measurements. The band
limited white noises with a noise power of 10−6 has been
added to all state trajectories in Simulation Set II.

Remark 13 In this work, design of feedback is decoupled
with feed-forward ILC in the presence of input saturation.
How to achieve better performance in terms of maximum
overshoot and convergence in iteration domain will be
investigated in future when the knowledge of the system
is available. In simulations, we only show that, without
picking up an optimal gain, the proposed algorithm can
still work better than other two algorithms. ◦

The convergence of supremum norm of tracking error for
Simulation Set-I and Simulation Set-II are shown in Fig.
5 and Fig. 6. Obviously, compared with the feed-forward

Fig. 5. Convergence of supremum norm of tracking error in
iteration-domain (Simulation Set I)

Fig. 6. Convergence of supremum norm of tracking error in
iteration-domain (Simulation Set II)

ILC and feed-forward ILC with the feedback, the pro-
posed feedback-based ILC can work very well in the pres-
ence of input saturation as well as the non-repeatable
disturbances. It is noted that even when non-repeatable
disturbances exist, the proposed method outperforms
other two methods in terms of overshoot and conver-
gence speed in iteration-domain for the chosen values of
feedback gain. Different choice of feedback gains were
also tested by placing the closed-loop eigenvalues. It is
observed from a large number of simulations, if the in-
put constraints are tight, the proposed control law usu-
ally works better. The simulation results demonstrate
the effectiveness of the proposed feed-back ILC.

6 Conclusion

This paper presents a new feedback-based iterative
learning control (ILC) algorithm that can handle in-
put saturation. The design of the feedback and ILC is
decoupled without considering input saturation, lead-
ing to a simple design procedure. A novel structure is
constructed to handle the effect from input saturation.
A new composite energy function is proposed to assist
the convergence analysis of this new feedback-based
ILC. Simulation results show the effectiveness of the
proposed algorithm. Future work aims at extending the
current control schematics to nonlinear systems with
input and output constraints.
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