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The Wigner classification of elementrary particles tells us that a module is
an irreducible, Poincare model when:

a) Every element of the module is an eigenvector of the Casimir operator
PµPµ with a given eigenvalue m2. This tells us that p2 −m2 = 0 i.e. that the
module describes elementary particles of mass m.

b) The module must also be an irreducible O(d− k) module. Here d is the
dimension of the space the fields are in and for a massive field k = 1 while for
a massless field k = 2. This means that the module must contain a sub space
that transforms under an irreducible representation of O(d − k), i.e. that the
associated O(d−k) tensor is traceless and has the symmetry properties of some
Young diagram. .

Therefore if we want to construct an irreducible, Poincare module of massless
fermions we must impose conditions on the module that lead to a) and b) being
satisfied.

We will tackle this by presenting a module and then showing that it satisfies
conditions a) and b).

Consider the module of spinor-tensors Ψn1,...,nn;α where the Lorentz indices
ni have the symmetry properties of some Young diagram and such that the
spinor-tensors satisfy the following conditions:

i) iγm∂mΨn1,...,nn;α = 0
ii) ∂mΨn1,...,m,...,nn;α = 0
iii)γmΨn1,...,m,...,nn;α = 0
Condition i) ensures that condition a) is satisfied. Acting on i) with −iγl∂l

gives

γlγm∂l∂mΨn1,...,m,...,nn;α = 0

1

2
{γl, γm}∂l∂mΨn1,...,m,...,nn;α = 0

∂m∂mΨn1,...,m,...,nn;α = 0

Which in Fourier space is

pmpmΨ̃n1,...,m,...,nn;α(p) = 0

Therefore we have that this module consists of spinor-tensors obeying p2 = 0,
a module of massless fermions.

Next consider condition ii). Let us apply this to the Fourier transform of
the spinor-tensor in the usual frame where pm = (ω, ω, 0, 0, ...). The condition
becomes

pmΨ̃n1,...,m,...,nn;α(p) = 0

To analyse this define the coordinates:

p± = p0 ± p1

In these coordinates AmBm = A+B− +A−B+ −AiBi , where the index i runs
over the remaining coordinates and summation is implied.

Expressed in these coordinates we have

pmΨ̃n1,...,m,...,nn;α(p) = p+Ψ̃n1,...,−,...,nn;α(p)+p−Ψ̃n1,...,+,...,nn;α(p)+piΨ̃n1,...,i,...,nn;α(p) = 0

Where the index i now runs over the d− 2 values where the momentum is zero.
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The fact that we are in the usual frame means p− = pi = 0 and so:

p+Ψ̃n1,...,−,...,nn;α(p) = 0

So all the components Ψ̃n1,...,−,...,nn;α(p) = 0, i.e. all elements of the tensor-
spinor with at least one − index vanish.

To analyse what happens to the elements of the spinor-tensor with − compo-
nents we need to note that if the original spinor-tensor Ψn1,...,nn;α is a solution
of the equation i) then so too is any spinor-tensor that differs from the original
only by the addition of a gauge variation:

δΨn1,...,nn;α = Π(∂n1
εn2...nn;α)

Where Π(...) is a projector that symmeterises or antisymmetrises the indices so
that the argument has the same symmetry properties in its Lorentz indices as
the orignal spinor-tensor. The gauge term εn2,...,nn;α must meet the following
conditions:

iγm∂mεn2,...,nn;α = 0

∂mεn2,...,m,...,nn;α = 0

γmεn2,...,m,...,nn;α = 0

Any spinor-tensor related to an element of the module by a gauge transforma-
tion with these properties is also an element of this module. Gauge invariance
represents a redundancy in the description of the system; some of the apparent
degrees of freedom are not bona fide degrees of freedom. The module con-
taining the true degrees of freedom is the original module modulo the gauge
transformations.

With this in mind we can now examine the gauge transformations in more
detail. In momentum space they are:

δΨ̃n1,...,nn;α(p) = Π(pn1εn2...nn;α(p))

In the usual frame as p− = pi = 0 only variations of components of the spinor-
tensor with at least one + index are nonzero. Thus in these coordinates gauge
transformations only affect components of the spinor-tensor with at least one +
index. All other components are gauge invariant and therefore physical degrees
of freedom.

Furthermore, on any component of the spinor-tensor with a + index we can
make the gauge transformation

δΨ̃n1,...,+,...,nn;α(p) = −p+
Ψ̃n1,...,+,...nn−1;α(p)

p+
∗ f(n1, ...nn − 1)

i.e. a gauge transformation with εn1...nn−1 =
Ψ̃n1,...,+̂,...nn;α(p)

p+
. The function

f(n1, ...nn − 1) is 1 if the + index of Ψn1,...,+,...,nn;α(p) is part of a symmetric
group of indices and 0 if it is part of a group on antisymmetric indices and one
of the other indices takes the value +. Otherwise the function is just 1. This
ensures that the gauge variation has the correct symmetry properties.

Such a variation sets the components of the spinor-tensor with that partic-
ular + index equal to zero. It can therefore be concluded that all components
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with at least one + index are pure gauge and must be modded out of the physical
module.

The remaining components that are not fixed to zero or unphysical are there-
fore the components Ψi1,...,in;α. This tells us that the physical components of
the spinor-tensors transform under a representation of O(d-2). We can now
investigate the condition iii) which tells us

ηnmΨn1,...,n,...,m,...,nn;α = γnγmΨn1,...,n,...,m,...,nn;α = 0

The contraction of any two of the Lorentz indices vanishes. We can conclude
from this that the representation of O(d− 2) is irreducible.

We finally have to show that the spinor-tensor transforms as an O(d − 2)
spinor. To this end we once again consider the equation of motion i) obeyed
by all spinor-tensors in the module. We consider how this acts on the positive
and negative frequency components of the spinor-tensor at a given momentum
in the usual frame. We find that

γnpnΨ̃+
n1...nn;α = ω(γ0 − γ1)Ψ̃+

n1...nn;α = 0

And
γnpnΨ̃−

n1...nn;α = −ω(γ0 + γ1)Ψ̃−
n1...nn;α = 0

Multiplying through by γ0 gives that

Γ±Ψ̃∓
n1...nn;α = 0

Where Γ± = 1 ± γ0γ1 are a complete set of projectors. These projectors are
invariant under the O(d− 2) and hence the components that are not projected
to zero by the equation i) form an O(d−2) spinor. Hence half of the components
of the spinor-tensor are set to zero by the equations of motion.

The dimension of a module of the Clifford algebra Cd is 2int(
d
2 )) and so

after the action of the projectors the spinor-tensor has the same number of
spinor components as a representation of Cd−2. To see this, note that before

projection the spinor tensor has 2int(
d
2 ) and hence after projection there are

only 2int(
d
2
)

2 = 2int(
d−2
2 ). As every module of Cd is also a module of O(d) we

conclude that the spinor-tensor’s spinor components form a module of O(d−2),
as required.

The module we have now is therefore an irreducible, Poincare module.
To finally extract two irreducible, unitary, Poincare modules we introduce

a unitary norm on the modules formed by the positive and negative frequency
solutions.
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