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Logic’s connections to computation go back at least to Aristotle and his system of syllogistic
reasoning. Leibniz imagined that a calculus of concepts would be invented at some time in the
future; then Hilbert and Frege fulfilled this inkling by supplying calculi to compute theorems
in logic, arithmetic and geometry. This thread of achievements establishes a link between
computation and steps in a formal proof carried out in a proof system.

Depending on the expressive capacity of a logic it may be possible to use that logic to talk
about computer programs or the process of computation. To mention quickly an example
or two, the operation of a Turing machine can be described in a predicate language, and
it is possible to reason about the execution steps of a high-level programming language in
first-order dynamic logic. A more recent illustration is a connection between proofs in linear
logic (in a sequent calculus formulation of LL) and steps of a certain type of counter machines.

In the main part of this talk, I will quickly overview the central components of the original
Curry–Kripke method that Kripke used to establish the decidability of E→ and R→ in
1959. Curry introduced proof-search trees, which are constructed in a bottom-up fashion.
He reformulated the operational rules with built-in mandatory contractions, and proved a
lemma that is customarily called Curry’s lemma nowadays. To deal with relevance logics,
Kripke went a step further and replaced mandatory contractions with optional contractions
in operational rules. And then, to prove the finiteness of the proof-search tree, he appealed
to a lemma which is now often called Kripke’s lemma.

Next, I will look at some applications of the Curry–Kripke method in the direction of
lattice-R and beyond, namely, applications to LL, MELL and NLL. The case of LL (and
NLL) leads to a quandary of finding at least one mistake in at least one (alleged) proof. In
[3], Dunn and I proved several lattice-based modal logics decidable—including LL. We also
pointed out that one of the problems with all the undecidability claims for LL is the direction
of the computation that is modeled by sequent calculus proofs.

We might think that it does not matter whether we run an abstract machine in the forward
direction or backward. Turing machines certainly can move left and right on their tape,
and even some versions of finite state automata (FSA’s) permit back and forth movements.
However, the reversal of the computational steps is different from these examples of pseudo-
physical motion. I will briefly look at the simple case of FSA’s and finite state transducers; this
will facilitate the definition of a suitable (non-deterministic) notion of reverse computation for
abacus machines. These latter machines were described by Lambek in 1961. I prove that abaci
cannot reverse compute primitive recursive functions—using the most permissive yet reasonable
notion of reverse computation. This resolves the problem of seemingly contradictory claims
about the decidability of LL—in favor of [3].
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