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Abstract

The +nite lattice method of series expansions is used to calculate a number of extended series
for susceptibilities of the three- and four-state Potts models on the square lattice. We analyse all
these series and estimate their critical amplitudes. We resolve an uncertainty in amplitude ratios
for high- to low-temperature susceptibilities, and thus provide con+rmation of +eld-theoretic
predictions.
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1. Introduction

Over the last three decades, the Potts models [1] have provided a number of chal-
lenges to the understanding of cooperative phase transitions. Many characteristics of
the models are described in the review by Wu [2]. The capability of the +nite lattice
method (FLM) to generate long series expansions [3] has been important in studying
the Potts models [4–10]. The FLM techniques used in the present study build on a
series of papers in which we studied the critical behaviour of the q-state Potts model
in both two and three dimensions [11–13]. In particular, Guttmann and Enting [11]
gave the general expressions used to derive high- and low-temperature expansions for
the q-state Potts model. These techniques were applied to the q=2 (Ising) case on the
simple cubic lattice. The analysis con+rmed estimates of critical exponents obtained
by +eld theoretical techniques. In a subsequent paper [12] we presented and analysed
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series for the bulk thermodynamic properties for Potts model on the square lattice for
integer q ranging from 2 to 10. These were used to test series analysis techniques
that could distinguish between +rst-order and continuous transitions. These techniques
were applied [13] to the three-state model on the simple cubic lattice. We found the
transition to be +rst order, and estimated the latent heat, the discontinuity in the order
parameter, and a number of other properties.
The present study addresses the susceptibilities of the Potts models. For q¿ 2 there

are three naturally occurring susceptibilities. They are the high-temperature susceptibil-
ity, �, and for low-temperatures, the longitudinal susceptibility, �L and the transverse
susceptibility, �T , de+ned in terms of a transverse +eld HT that is independent of the
symmetry-breaking +eld H . We follow the notation of Del+no et al. [14] and write
these, in the critical region, as

� ∼ �t−
; �L ∼ �Lt−
′ ; �T ∼ �T t−
′T ;

respectively, where t = |T − Tc|=Tc. The critical amplitudes �, �L and �T are de+ned
using normalisations given below.
In 1998 Del+no and Cardy [15] using the exact scattering theory of Chim and

Zamolodchikov [16] considered the scaling limit of the two-dimensional q-state Potts
model for q6 4. They then computed correlation functions and combinations of critical
amplitudes expected to be universal within the two-kink approximation of the form
factor approach. In particular, they calculated the amplitude ratio �=�L. That work was
extended by Del+no, Barkema and Cardy in 2000 [14] to the consideration of the
low-temperature susceptibility amplitude ratio �T =�L. They tested their results against
Monte Carlo data, and found the comparison inconclusive for q = 4 because of the
large uncertainties due to logarithmic correction-to-scaling terms, while for q= 3 they
found agreement with their prediction for �T =�L, but not for �=�L.
A more extensive Monte Carlo analysis by Shchur et al. [17] found agreement with

the �=�L prediction for the q = 3 case. More precisely, in Ref. [14], for q = 3 the
ratio �=�L was estimated to be 13.848 in the two-kink approximation, but around 10
or slightly less by Monte Carlo methods. However in Ref. [17] both series and Monte
Carlo estimates of this ratio were found consistent with the two-kink approximation
results. For the other ratio �T =�L the two-kink estimate of 0.327 was just consistent
with the Monte Carlo estimates of around 0.333 or a little lower.
For q=4 the ratio �=�L was estimated [14] to be 4.013 in the two-particle approxima-

tion, but around 2 by Monte Carlo analysis. For the ratio �T =�L the two-kink estimate
of 0.129 was rather lower than the Monte Carlo estimate of around 0.155. The authors
argued that the complexities introduced by conGuent logarithmic corrections-to-scaling
which arise at q= 4 rendered their Monte Carlo comparison inconclusive.
However, a more comprehensive Monte Carlo analysis was carried out by Caselle

et al. [18], in which they allowed for the expected logarithmic corrections to the
power-law singularity. They estimated � = 0:0223(40) and �L = 0:0071(30), so that
�=�L = 3:14(70); in rough agreement with the two-kink estimates.
Another ratio, R�, which involves the speci+c heat amplitude and the exponential

correlation length (inverse mass) has recently been calculated exactly by Seaton [19].
That result is also contained implicitly in Ref. [15]. Seaton’s results follow from the
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connection between the Potts model and the dilute A model in regime 1. In Ref. [15]
a similar ratio, but involving the second moment correlation length (which cannot
be calculated exactly) was also given. The two amplitude ratios, while unequal, are
found to be within 1% of each other for q = 1; 2; 3; 4. Unfortunately, it does not
yet seem possible to extend Seaton’s methods to extract the various amplitude ratios
approximated in Ref. [15].
Caselle et al. [18] also estimated R� by Monte Carlo methods and found R� =

0:220(20). This last estimate is consistent both with the two-kink result of Ref. [15]
and the exact result of Ref. [19], R� = 21=23−7=4 = 0:20680 : : :
Thus while more recent Monte Carlo calculations provide support for all the sus-

ceptibility amplitude ratio predictions from the two-kink approximation, it would seem
worthwhile to independently study these questions by series analysis techniques. In the
present paper we have derived extensive new series in order to address the above dis-
crepancies, and to provide independent tests of the two-kink predictions. Our analysis
also provides estimates of the individual amplitudes, not just amplitude ratios, which
should be useful in other contexts, and for other amplitude ratios.
Our ratio estimates for q = 3 have largely resolved an uncertainty in the high–

low-temperature normalisation of the +eld theory calculations, and thus imply their
essential correctness for q= 4 also [20].
The contents of the remainder of this paper are as follows: Section 2 reviews the

series expansions for the Potts model and describes how transverse +elds are introduced,
leading to expansions for �T . Section 3 considers the application of the FLM to cal-
culating these series. Section 4 describes the series analysis, while Section 5 provides
a brief conclusion.

2. Series expansions for the Potts model

In analysing Potts model series, our de+nitions and notation generally follow our
previous usage [11–13]. The standard q-state Potts model is de+ned on a lattice with
each site having a ‘spin’ variable si at each site i that takes on q possible integer values
from 0 to q−1. An energy LE is associated with each pair of interacting sites that are
in diMerent spin states, and an energy of 0 applies to pairs of interacting sites in the
same state. We consider only the square lattice, with each site interacting only with
its four nearest neighbours. Each site not in state ‘0’ has an additional +eld energy H .
When the transverse +eld, HT is zero, this normalisation is such that the state with all
sites in state ‘0’ has zero energy.
In this normalisation, the partition function, Z , is commonly denoted � and is termed

the reduced partition function. In this paper, our de+nition of � includes a contribution
from the transverse +eld in the ‘all-zero’ state.
We use the same expansion variables as previously [11–13] and put z = exp(−LE=

kT ), � = exp(−H=kT ) and the high-temperature variable v= (1− z)=(1 + (q− 1)z).
The new feature that we introduce in the present paper is a transverse +eld, HT

and a corresponding expansion variable � = exp(−HT =kT ). If we de+ne +elds that
give an energy −hj to each site in state j, we can construct composite +elds, hj
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denoted by energy q-plets [ − h0;−h1; : : : ;−hq−1]. It is clear that only q − 1 of
these +elds are independent, since apart from the de+nition of the zero-point energy,
the thermodynamics is invariant under the transformation [ − h0;−h1; : : : ;−hq−1] →
[ − h0 − a;−h1 − a; : : : ;−hq−1 − a] . In these terms the ordering +eld for q = 3 cor-
responds to energies [ − H; 0; 0] ≡ [0; H; H ]. The transverse susceptibility de+ned by
Del+no et al. [14] corresponds to a +eld HT ≡ [0; HT ; 0]. Straley and Fisher [21] in-
troduced a transverse +eld in the form H� ≡ [0; H�;−H�], but as noted below, there
are only two independent susceptibilities and so we do not need to consider this case
explicitly.
The Hamiltonian that we consider is

Ĥ =
∑
〈r;r′〉

LE(1− �(sr; sr′)) +
∑
r

H (1− �(sr; 0)) +
∑
r

HT�(sr; 1) ; (2.1)

where the +rst sum is over all nearest-neighbour pairs of sites and the second and third
sums are over all sites. The term �(m; n) = 1 if m= n and 0 otherwise.
When the +elds H and HT are zero, there is a q-fold degeneracy. Nevertheless, at

suRciently low temperatures (for LE¿ 0) this symmetry is spontaneously broken and
the system adopts one of q possible states with one of the spin-states favoured. In
actual calculations, a particular choice of the ‘favoured’ state is made by treating the
spontaneous symmetry breaking as the limit of an explicit symmetry breaking. Two
common choices are: (i) taking the limit H → 0+, or (ii) +xing boundary spins to
the zero spin state while going to the in+nite size thermodynamic limit. Results for
bulk properties will be equivalent regardless of whether we break the symmetry by
using N → ∞ with +xed boundaries or H → 0+ or use both of these in either order.
However, when we consider breaking two diMerent symmetries, the order of the limits
may become important.
The reduced partition function � can be de+ned by the limit of partition functions,

#JK for +nite J × K lattices as

�= lim
J; K→∞

(#JK)1=JK : (2.2)

For a single +eld, this has the expansion

�=
∑
m;n

zm�n = 1 + (q− 1)z4� + · · · (2.3)

which can be regrouped as

�(z; �) =
∑
n

L′
n(z)�

n (2.4a)

and

�(z; �) =
∑
m

 ′
m(�)z

m (2.4b)

where the  ′
m(�) are polynomials in � and (on the square lattice) the L′

n(�) are poly-
nomials of order z4n in z. (We use the notation L′(:),  ′(:) since L(:) and  (:) have
traditionally been used for the corresponding coeRcients in expansions of ln�.)
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For q = 3 the introduction of separate +elds h1 and h2, i.e., energies [0;−h1;−h2],
generalises (2.3) to

�(z; �1; �2) =
∑
mn

L′
mn(z)�

m
1 �

n
2 ; (2.5)

where

�j = exp(−hj=KT ) j = 1; 2 : (2.6)

The site expectations are de+ned in terms of variables nj(r) that equal 1 if the spin at
site r is in state j and equal zero otherwise. Using 〈·〉 to denote expectations, we have

〈nj〉= �j
9
�j

ln� for j = 1; 2 ; (2.7)

while 〈n0〉 can be obtained directly from (2.7) by using the relation∑
j=0;1;2

nj =
∑

j=0;1;2

〈nj〉 ≡ 1 : (2.8)

Note that the order parameter or magnetisation, M , is conventionally de+ned to span
the range [0; 1] and so

M = 3
2 [〈n0〉 − 1

3 ] = 1− 3
2 [〈n1〉+ 〈n2〉] : (2.9)

We consider susceptibilities de+ned as the H → 0+ limit of

Cij =
∑
r

[〈ni(r)nj(0)〉 − 〈ni〉〈nj〉] ; (2.10)

where the sum is over all lattice sites.
The H → 0+ limit breaks the three-fold symmetry, but (2.5) still has the symmetry

relations Cij = Cji, C01 = C02 and C11 = C22 and using (2.8)∑
j=0;1;2

Cij = 0 for q= 3 and all i : (2.11)

The two independent +elds de+ne only two independent susceptibilities because of
these symmetry relations.
For the longitudinal susceptibility �L, (denoted by � in our previous papers) we put

kT�L = C00 = C11 + C22 + 2C12 = �
9
9��

9
9� ln� (2.12)

and, following Del+no et al. [14], de+ne the transverse susceptibility as

kT�T = C11 = C22 = �j
9
9�j

�j
9
9�j

ln� for j = 1; 2 : (2.13)

However, Straley and Fisher [21] de+ned the transverse susceptibility as

kT�� = C11 + C22 − 2C12 = kT (4�T − �L) (2.14)

and suggested that, as an independent susceptibility, �� could have a distinct exponent
which they estimated as 
� ≈ 1:1. However, since �t = 1

4(�L + ��), the existence of a
distinct exponent 
� ¡
′ would imply �T =�L = 1

4 , in disagreement with +eld theory,
Monte Carlo and our series analysis.



I.G. Enting, A.J. Guttmann / Physica A 321 (2003) 90–107 95

For general q, (2.11) generalises to
q−1∑
j=0

Cij = 0 for all i : (2.15)

Together with the symmetries, this implies that only two of the Cij are independent,
and so there are still only two independent susceptibilities for all q¿ 2. They can be
chosen to be

kT� = C00 =
q−1∑
i=1

q−1∑
j=1

Cij = �
9
9� �

9
9� ln� (2.16)

and

kT�T = Cjj = �j
9
9�j

�j
9
9�j

ln� for j¿ 0 : (2.17)

For high temperatures and zero +eld we have full permutation symmetry for the spin
states and so

Cij =
−1

q− 1
Ckk for all k and i �= j (2.18)

and so there is only one independent susceptibility.

3. Series expansions from the FLM

3.1. The FLM

The FLM has provided an extremely powerful technique for deriving a range of
series expansions for problems in lattice statistics. Since its original development [4,22]
it has been applied to a range of lattice models, including self-avoiding polygons [23].
A series of re+nements to the method as well as the increase in available computing
capacity over the last two decades has made it possible to greatly extend a number of
series expansions for lattice statistics problems. In Ref. [3] Enting has reviewed the
development of the FLM. In addition to the Potts model studies (mostly referenced
in this paper) the FLM has been a powerful tool for analysing self-avoiding walks
and rings. The power of the FLM comes from its convenience and the fact that, for
two-dimensional systems, it is exponentially faster than direct enumeration. In three
dimensions it is asymptotically less eRcient than direct graph counting [24]. In two
dimensions the FLM is asymptotically less eRcient than the corner transfer matrix
method described by Baxter and Enting [25], at least for q = 2, but the FLM scales
much more readily to large problems. It is the computational convenience of the FLM
that has made it extremely successful in two dimensions and led to a useful niche role
in three dimensions.
For the q-state Potts model, Arisue and Tabata [9,10] have re+ned the techniques by

combining series for Potts models with 26 q′6 q. This method is a generalisation of
the techniques, used in some of our earlier studies, of using Ising (i.e., q=2) series to
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derive ‘correction terms’ to extend FLM calculations for q¿ 2. The re+ned technique
has proved very eMective for larger q, but has not been used in the present calculations
(though we do manage to extend the high-temperature series by one term by making
use of the q= 2 results).
In his review of the FLM, Enting [3] identi+ed three key aspects that characterised

the calculations:

• the way in which the +nite lattices are evaluated;
• the expansion variable(s);
• the type of boundary condition.

In evaluating the partition functions of the +nite lattices we follow the approach devel-
oped for the spin-1 Ising model [26]. Two diMerent techniques are used in a combina-
tion designed to minimise the requirements for computer memory. Lattices with a high
aspect ratio are evaluated using the same technique as in most of our earlier work: the
rectangle is built up by adding one column at a time and these columns are built up
one site at a time. Rectangles that are more nearly square are built up starting from a
speci+ed line near the centre and adding one site at a time to build up an expanding
sector with the initial line as one boundary and the other boundary pivoting around
the centre as the lattice is built up. The choices of expansion variable and boundary
conditions diMer for diMerent expansions and are considered on a case-by-case basis in
the following subsections.

3.2. Low-temperature series and the transverse susceptibility

The basis of the +nite lattice method is the approximation of the reduced partition
function by a mutliplicative combination of reduced partition functions for +nite lattices:

�(z; �) ≈
∏

(J; K)∈B

#w(J; K)
JK ; (3.1)

where the product is over rectangular J × K lattices, whose reduced partition function
is #JK and the weights w(J; K) are integers given by Enting [27]. The set B is all
rectangles up to some chosen maximum perimeter.
As noted in our previous studies, the low-temperature series for the limit H → 0+

can be obtained by re-expressing the low-temperature polynomials  ′(�) as functions
of x = 1 − � and keeping only the coeRcients of x0, x1 and x2. Thus to order x2 we
have

�(z; � = 1− x) = �0(z) + x�1(z) + x2�2(z) + · · · (3.2)

from which we obtain the zero-+eld (reduced) partition function directly as �0, the
order parameter as

M = 1− q
q− 1

�1

�0
(3.3)
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and the susceptibility as

kT�L =
�2

�0
− �1

�0
− �2

1

�2
0
: (3.4)

We have previously published [12] series for �0(z), M (z) and �L(z) to order z47 for
q= 3, to order z43 for q= 4, and shorter series for q= 5; 6; : : : ; 10.
In order to determine the transverse susceptibility we can truncate the expansion at

x = 0 but keep terms to second order in x′ = 1− � to give

�= �[0] + x′�[1] + x′2�[2] + · · · ; (3.5)

kT�T =
�[2]

�0
− �[1]

�0
− �2

[1]

�2
0

: (3.6)

The expansions for q= 3 are

kT�L = C00 = 2z4 + 16z6 + 16z7 + 100z8 + · · · ; (3.7a)

C10 = C20 =−C00=2 =−z4 − 8z6 − 8z7 − · · · ; (3.7b)

kT�T = C11 = C22 = z4 + 8z6 + 4z7 + 55z8 + · · · ; (3.7c)

C12 = C21 =−C11 − C10 = C00=2− 2C11 =−z4 − 8z6 − 40z8 + · · · ; (3.7d)

whence

kT�� = 4C11 − C00 = 2z4 + 16z6 + 120z8 + · · · (3.7e)

as given by Straley and Fisher [21].
For the longitudinal susceptibility, we have extended our earlier series [11] to z71 for

q=3 and to z59 for q=4 by using rectangles of widths up to 17 and 14, respectively.
For the transverse susceptibility, the lower symmetry restricts us to shorter series and
�T has been extended to z53 and z47 for q = 3 and 4. The full low-temperature series
for �L and �T for q= 3 and 4 are given in Tables 1 and 2, respectively.

3.3. High-temperature series

In our derivation of high-temperature expansions on the simple cubic lattice [11],
we noted that the high-temperature form of the reduced partition functions for a J ×K
rectangle could be written in terms of the dual variable v= (1− z)=(1 + (q− 1)z). On
the square lattice, this takes the form

-JK = q−s(J; K)(1 + (q− 1)v)b(J; K)#JK ; (3.8)

where the number of sites and bonds in a J × K rectangle are denoted, respectively,
s(J; K) = J × K and b(J; K) = 2JK − J − K . Thus, the +nite lattice expansion is∏

J; K

-w(J; K)
JK = q−1(1 + (q− 1)v)2

∏
J; K

#w(J; K)
JK (3.9)
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Table 1
Low-temperature expansions for longitudinal and transverse suspectibilities for q = 3

n �L:3;n �T :3;n

4 2 1
5 0 0
6 16 8
7 16 4
8 100 55
9 216 60
10 844 422
11 1552 488
12 7844 3442
13 12 112 4140
14 60 268 25 538
15 118 944 40 708
16 424 072 179 468
17 1 081 392 372 788
18 3 201 728 1 315 260
19 8 670 688 3 067 168
20 25 713 154 10 094 945
21 67 206 560 24 283 072
22 203 077 760 77 421 180
23 532 881 432 193 348 736
24 1 558 159 918 585 993 433
25 4 250 639 632 1 537 063 688
26 11 956 293 152 4 449 320 504
27 33 296 697 848 12 023 427 848
28 92 820 406 096 34 131 573 090
29 257 249 275 776 92 891 336 824
30 721 023 458 656 262 469 036 732
31 1 986 080 278 600 715 813 170 684
32 5 561 045 323 298 2 011 024 319 429
33 15 359 165 767 512 5 515 400 326 388
34 42 717 426 328 784 15 374 322 504 080
35 118 457 421 095 792 42 384 238 200 312
36 328 170 466 563 836 117 579 714 452 884
37 909 829 346 983 664 324 587 464 251 848
38 2 520 622 606 225 868 899 267 595 353 422
39 6 973 368 153 491 880 2 480 979 415 435 896
40 19 322 697 243 220 158 6 868 920 754 575 604
41 53 409 977 638 363 032 18 947 896 082 014 752
42 147 820 297 067 842 856 52 390 674 496 684 820
43 408 655 295 665 071 080 144 572 880 155 009 760
44 1 129 521 213 462 962 520 399 239 230 835 459 300
45 3 122 011 116 123 891 464 1 101 717 549 846 319 108
46 8 624 059 746 484 047 468 3 040 426 186 261 928 118
47 23 820 051 913 808 354 000 8 386 522 076 202 610 820
48 65 781 549 551 603 584 820 23 136 477 796 219 902 695
49 181 574 426 737 144 694 888 63 789 890 298 643 383 796
50 501 221 619 866 663 098 644 175 909 195 824 990 626 762
51 1 382 992 929 006 302 617 408 484 867 468 799 586 765 288
52 3 815 565 409 174 634 122 462 1 336 459 982 170 836 797 329
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Table 1. Continued

n �L:3;n �T :3;n

53 10 524 878 842 654 526 569 848 3 682 860 710 265 693 605 928
54 29 024 398 721 218 107 686 556 —
55 80 030 932 690 952 491 499 224 —
56 220 628 552 950 671 705 158 938 —
57 608 117 853 500 544 719 343 880 —
58 1 675 936 326 492 393 722 337 944 —
59 4 617 862 345 765 106 089 694 856 —
60 12 722 441 083 845 010 673 495 788 —
61 35 045 424 395 956 284 235 051 760 —
62 96 522 386 339 584 747 363 002 768 —
63 265 809 374 651 559 045 594 453 456 —
64 731 896 605 822 361 878 096 090 984 —
65 2 015 002 285 596 660 573 863 374 648 —
66 5 546 865 453 218 790 278 395 156 868 —
67 15 267 395 388 739 048 317 780 983 504 —
68 42 017 866 370 437 457 482 465 144 594 —
69 115 625 057 273 677 603 164 078 168 112 —
70 318 143 187 191 549 908 959 681 336 668 —
71 875 280 734 613 897 956 571 923 101 480 —

using ∑
J; K

s(J; K)w(J; K) = 1 (3.10a)

and ∑
J; K

b(J; K)w(J; K) = p=2 (3.10b)

where p is the coordination number. As in our derivation of series for the simple cubic
Ising model [11], the evaluation of the -JK is performed as for the low-temperature
expansion of �, but with free boundary conditions, a site weight of 1=q and all bond
weights multiplied by (1 + (q − 1)v) so that like neighbours have a weight of (1 +
(q − 1)v) and unlike neighbours have a weight of z × (1 + (q − 1)v) = 1 − v. The
+eld weight remains �= 1− x, with expansions truncated at x2 as in low-temperature
calculations. Eq. (2.18) remains valid, but can be re-expressed as

C00 =
q−1∑
i=1

q−1∑
j=1

Cij = �
9
9� �

9
9� ln�= �

9
9� �

9
9� ln0 (3.11)

since the prefactor is independent of �. As for low-temperature expansions, if we
express 0 in powers of x as

0(v; � = 1− x) = 00(v) + x01(v) + x202(v) + · · · (3.12)
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Table 2
Low-temperature expansions for longitudinal and transverse suspectibilities for q = 4

n �L:4;n �T :4;n

4 3 1
5 0 0
6 24 8
7 48 8
8 120 50
9 648 120
10 1608 464
11 4176 928
12 21 093 4827
13 38 064 8664
14 175 608 39 912
15 494 616 101 248
16 1 365 726 315 664
17 5 077 200 1 018 592
18 13 549 704 2 915 440
19 43 359 768 8 938 768
20 140 590 629 28 354 415
21 389 348 688 80 082 328
22 1 296 882 504 258 319 368
23 3 834 279 072 760 724 872
24 11 499 126 642 2 292 134 168
25 36 680 416 368 7 120 276 352
26 107 193 301 920 21 000 696 720
27 333 178 056 720 64 423 941 216
28 1 019 415 082 779 195 440 775 461
29 3 037 827 148 632 583 592 203 080
30 9 438 120 599 520 1 790 312 889 088
31 28 340 399 493 144 5 367 859 627 024
32 86 034 549 347 280 16 231 677 410 270
33 263 586 587 279 472 49 328 875 238 208
34 791 349 060 376 776 148 017 337 779 264
35 2 417 035 981 737 624 449 263 248 220 168
36 7 324 176 466 760 445 1 356 012 064 511 831
37 22 116 375 075 991 056 4 085 501 316 468 536
38 67 378 910 515 598 736 12 379 046 552 684 504
39 203 361 542 589 030 720 37 278 028 157 261 192
40 616 448 061 791 922 708 112 607 706 225 695 046
41 1 869 466 917 535 240 656 340 196 982 546 434 040
42 5 644 507 206 242 675 400 1 024 944 022 015 475 456
43 17 116 665 818 567 515 608 3 096 907 377 690 777 728
44 51 753 556 619 100 749 007 9 338 791 347 840 313 497
45 156 457 717 377 195 712 344 28 162 243 379 840 734 608
46 473 752 203 624 837 787 560 85 013 412 955 096 179 888
47 1 430 961 995 874 582 295 344 256 216 624 977 034 974 472
48 4 327 940 385 869 521 592 382 —
49 13 084 162 308 258 168 292 728 —
50 39 518 759 852 443 173 359 784 —
51 119 473 899 852 730 151 402 736 —
52 360 838 308 137 136 612 755 433 —
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Table 2. Continued

n �L:4;n �T :4;n

53 1 089 899 345 148 336 599 592 432 —
54 3 292 517 731 377 439 401 644 088 —
55 9 939 757 951 162 682 068 137 120 —
56 30 016 345 311 144 609 620 362 422 —
57 90 617 252 419 865 912 767 571 472 —
58 273 502 986 597 190 549 918 225 488 —
59 825 601 891 969 581 003 968 678 544 —

we have

C00 =
02

00
− 01

00
− 02

1

02
0
: (3.13)

Note that the conventional de+nition of the Ising (i.e., q=2) susceptibility is in terms
of a +eld H with energies [− H;H ] and so (using 2.18) it corresponds to

kT�Ising(v) = C00 + C11 − C10 − C01 = 4C00 : (3.14)

Since as T → ∞, Cjj → (q− 1)=q2, we calculate and tabulate C00 × q2=(q− 1).
If we use rectangles with perimeter p6 2k+1, then the zero-+eld free energy series

will be correct to order 4k + 3. However the susceptibility series will only be correct
to order 2k + 1. Comparison with the FLM expansion of the Ising model gives a
correction term. When the series are normalised to C00 × q2=(q − 1), the correction
terms are independent of q. This enabled us to extend the series by a further term,
so that our series are to order v28 and v24 for q = 3 and q = 4. The series are listed
in Table 3. This represents a dramatic increase in the available series, which were
previously known only to order v10 for general q, [28].

4. Analysis of series

For both the three-state and four-state Potts model we have derived three series: the
usual high-temperature susceptibility, �, the usual low-temperature susceptibility, �L

and the low-temperature transverse susceptibility, �T . As already discussed, we write
these, in the critical region, as

� ∼ �t−
; �L ∼ �Lt−
′ ; �T ∼ �T t−
′T ;

respectively, where t = |T − Tc|=Tc.
The critical exponents for q6 4 can all be derived from the thermal exponent, given

by Black and Emery [29], based on a conjecture of den Nijs [30], while the magnetic
exponent was +rst given by den Nijs [31], and the (thermal) correction-to-scaling expo-
nent was obtained by Nienhuis [32]. For the three-state Potts model, the susceptibility
exponents are thus known to be 
′= 
′T = 
= 13

9 and the critical point in both the usual
high- and low-temperature variable is zc = vc = 1=(1 +

√
3) = 0:366025404 : : : [1].
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Table 3
High-temperature expansions for suspectibilities for q = 3 and 4

n cn (q = 3) cn (q = 4)

0 1 1
1 4 4
2 12 12
3 36 36
4 112 124
5 316 356
6 952 1164
7 2672 3492
8 7812 10 748
9 22 072 33 348
10 63 048 100 844
11 178 244 309 252
12 504 560 946 748
13 1 418 980 2 863 204
14 4 001 528 8 769 388
15 11 207 800 26 581 284
16 31 477 096 80 733 564
17 87 997 608 245 668 836
18 246 167 940 743 479 660
19 687 191 100 2 257 886 532
20 1 917 063 612 6 842 299 132
21 5 342 096 000 20 710 012 996
22 14 876 259 128 62 780 824 620
23 41 382 022 480 189 886 902 628
24 115 069 223 208 574 659 610 940
25 319 652 907 064 —
26 887 627 725 088 —
27 2 463 052 247 532 —
28 6 831 350 077 080 —

For the four-state Potts model, the susceptibility exponents are similarly known to be

′=
′T=
= 7

6 and the critical point in both the usual high- and low-temperature variable
is zc = vc = 1

3 [1]. Additionally, we assume the predicted conGuent logarithmic term
of the form |log|t‖3=4 is associated with all susceptibilities. This and further correction
terms are discussed in [33].
As discussed in the previous section, we now have 28 terms in the high-temperature

series for � for the 3-state Potts model, and 24 terms for � for the four-state Potts
model. The low-temperature series for �L are known to z71 for q = 3 and to z59 for
q= 4. Our new series for �T extend to z53 for q= 3 and to z47 for q= 4.
When analysing these series, certain normalisations must be included. Note that

low-temperature susceptibility series begin with the coeRcient of z4 as their +rst
non-zero coeRcient. This must be taken into account when calculating amplitudes,
by inclusion of a factor z4c . The high-temperature series start at v0, but we have cal-
culated and tabulated series for C00 × q2=(q − 1) and so the normalisation factor of
(q− 1)=q2 needs to be restored before comparing amplitudes.
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4.1. Three-state Potts model susceptibilities

For all three series, we +rst carried out a simple PadTe analysis to estimate the
amplitudes, by generating PadTe approximants to (yc − y)�(y)1=
 and evaluating these
at yc. These gave well-converged results, from which we estimate � = 0:176(1); �L =
0:01266(6) and �T =0:004168(9). Combining these results, we +nd �T =�L =0:329(2)
and �=�L = 13:90(15).
We also analysed all series by a second method, taking into account the conGuent

correction-to-scaling term, the exponent of which is expected to be [32] 4 = 2
3 . By

+tting successive pairs of coeRcients to the sequence a0n4=9 + a1n−2=9; we estimated
a0 = 0:890(2), and a1 = 0:40(1) for the high-temperature susceptibility. This converts
to �=0:1751(6). An identical analysis of the low-temperature susceptibility gave a0 =
0:2915(1) and a1=−0:20(1); which gives �L=0:01266(4); in excellent agreement with
the PadTe estimate above. The same analysis applied to the transverse susceptibilty gave
a0 = 0:0946(3); and a1 = 0:03(1); which gives �T = 0:00411(2). The amplitude ratios
are thus �=�L = 13:83(9) and �T =�L = 0:325(2).
A third method of analysis we used was to analyse the series formed by the

coeRcient-by-coeRcient quotient of the terms in the two low-temperature series, in
order to estimate the amplitude �T =�L. We then extrapolated the resulting sequence
of estimates of the ratio of amplitudes by a variety of standard sequence extrapola-
tion algorithms. It was necessary to extrapolate the odd and even terms separately,
due to an odd–even oscillation caused by a singularity on the negative axis. Neither
sequence extrapolated particularly smoothly, and the most elementary method, that of
Neville table extrapolation, produced the best-converged results. From both odd and
even sub-sequences we estimate �T =�L = 0:33± 0:01. This is entirely consistent with,
but less accurate than, the results from the two analyses given above.
As we have 28 terms in the high-temperature series and more than twice this number

in the low-temperature series, this quotient method wastes a lot of low temperature
information, so is not an eRcient way to estimate �=�L. The best we can do is to note
that the ratio sequence is rapidly declining, and that the last entry, combined with the
decreasing trend, permits us only to say that �=�L ¡ 15.

All these results are mutually consistent, and are also consistent with the analytic
results, in a two-particle approximation, of Del+no et al. of �T =�L=0:327 and �=�L=
13:848. They are also in agreement with, and more precise than, the Monte Carlo and
series estimates of Ref. [17].

4.2. Four-state Potts model susceptibilities

Because of the presence of the conGuent logarithmic term mentioned above, standard
extrapolation techniques such as the PadTe method, are known to be misleading when
q= 4. In order to quantify this belief, we generated 30 terms in the expansion of

f(y) = (1− 3y)−7=6
(
− 1
3y

[log(1− 3y)]3=4
)

;
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which we expect to mimic the high-temperature susceptibility of the 4-state Potts model,
to leading order. The amplitude is of course precisely 1. Using the PadTe method de-
scribed above, one obtains a seemingly well-behaved sequence of approximants to the
amplitude, steadily increasing as we include more and more series coeRcients. Unfor-
tunately, these estimates are steadily increasing away from 1, the last few estimates
being greater than 3.0 and rising! This is not surprising, as the asymptotic behaviour
of the coeRcients of the above function is

[yn]f(y) ∼ 3nn1=6(log(n))3=4=�
(
7
6

)
:

The factor (log(n))3=4 takes the value 2:504 : : : ; which is approximately equal to the
error factor in the amplitude estimate. We therefore did not use this method of analysis,
but restricted ourselves to the two other methods discussed above.
We +rst analysed the series formed by the coeRcient-by-coeRcient quotient of the

terms in the two low-temperature series, in order to estimate the amplitude �T =�L.
We then extrapolated the resulting sequence of estimates of the amplitude ratio by a
variety of standard sequence extrapolation algorithms. There is a tacit assumption here
that the conGuent logarithmic term will essentially cancel in the ratio. While this is
likely to be true at leading order, the sub-dominant terms (discussed below), cannot be
expected to cancel. We therefore expect convergence to be slower than was observed
for the three-state model, and that was indeed the case.
It was again necessary to extrapolate the odd and even terms separately, due to an

odd–even oscillation caused by a singularity on the negative axis. Neither sequence
extrapolated particularly smoothly, and the most elementary method, that of Neville
table extrapolation, again produced the best-converged results. From both sequences
we estimate �T =�L = 0:15 ± 0:02. This is just consistent with the estimate of Del+no
et al. of 0.129.
Finally, as a direct measure of the individual amplitudes, we again used the asymp-

totic form of the coeRcients. That is to say, if

f(y) = A(1− y=yc)−7−1
(
−yc

y
[log(1− y=yc)]3=4

)
;

then

[yn]f(y) =
An7

�(1 + 7)yn
c
(log n)3=4

[
1 +

c
log n

+O(1=log2n)
]
:

So dividing out by the n-dependent terms and the gamma function gives a direct
sequence of estimates of the amplitude A, with corrections of order 1=ln n. We extrap-
olated alternate terms against 1=ln n. and obtained sequences that were stable enough
to allow us to estimate their limits. In this way we made the preliminary estimates
� = 0:031± 0:005; �L = 0:0088± 0:0004 and �T = 0:0010± 0:0003. In fact, there are
other non-analytic correction-to-scaling terms present as well. Salas and Sokal [33]
showed that near the critical temperature the high- and low-temperature susceptibilities
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behave as

�± ∼ �±|t|−7=6(−log|t|)3=4
[
1 +

9 log(−log|t|)
−8 log|t| +O(1=log|t|)

]
; t → 0:

We have crudely, and hence somewhat hesitantly, included the eMect of this additional
logarithmic term into our asymptotic analysis. By standard transfer theorems, it follows
that the sub-dominant term makes a contribution to the asymptotic form of the coeR-
cients of 9 log log n=(8 log n). Thus, the amplitudes estimated without this term need to
be corrected by dividing by the factor 1+9 log log n=(8 log n). For n=24, the maximal
value we have for the high-temperature series, this is 1.41. For the low temperature
and transverse susceptibilities, nmax = 59 and 47, respectively, producing a correction
factor of 1:39 in both cases. Applying these corrections, we arrive at our +nal estimates
of the amplitudes, �= 0:022± 0:004; �L = 0:0063± 0:0003 and �T = 0:0007± 0:0002.
Caselle et al. [18] obtained, from Monte Carlo analysis, based on the same asymp-

totic scaling assumptions, �= 0:0223± 0:0040 and �L = 0:00711± 0:00030. They did
not attempt to analyse the transverse susceptibility. The high-temperature amplitude
estimates agree well within error bars, while the low-temperature estimates are just
outside overlapping error estimate range.
We emphasise that these estimates depend critically on the assumed form of the

sub-dominant terms, and on the further assumption that the other sub-dominant terms,
which include powers of logarithms, powers of logarithms of logarithms etc, can all be
neglected. We doubt that this is true. Rather, the best we can say is that if we make
the same assumptions as Caselle et al., our series work is consistent with their Monte
Carlo work.
In neither case should the error bars be considered strict. In the analysis of Ref. [18]

they are only systematic errors, and in our analysis they are con+dence limits based
on the behaviour of sequences subject to the assumptions we have made. No attempt
has been made to include the eMect of additional, neglected, terms.
Our direct amplitude estimates then give for the amplitude ratios �T =�L=0:11±0:04

and �=�L = 3:5± 0:4. Notice that these same ratios are obtained from our preliminary
amplitude estimates also, which is reassuring as we do not feel terribly con+dent about
the manner in which we have attempted to include the additional logarithmic terms
into the analysis.
These can be compared to the analytic results, obtained in the two-particle approx-

imation of Del+no et al., of �T =�L = 0:129 and �=�L = 4:013. The two results are
consistent, though our numerical results are less precise than we would have liked.
This is no doubt a consequence of the notoriously slow convergence of series with
logarithmic corrections.
In Ref. [14] Del+no et al. argue that their earlier results [15] for the ratio �=�L

may be incorrect. Del+no [20] reminded us that they were led to this hypothesis when
looking for a reason for their disagreement with their Monte Carlo analysis. They
identi+ed this as a possible problem in the way they +xed the relative normalization
between the high- and low-temperature results. The good agreement we obtain in the
q = 3 case rules out this hypothesis, and so there is no reason to doubt their results
for q= 4:
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5. Conclusions

Our results are entirely consistent with the +eld-theoretical results in the two-kink
approximation, both for q= 3 and 4. For q= 3 our amplitude ratio estimates agree to
better than 1% with the +eld theory results, while for q = 4 the agreement is much
weaker, being not much better than 20%. The amplitude estimates for q = 4 obtained
by Monte Carlo analysis [18] agree within the rather large combined error bars. As
discussed above, the agreement for the q= 4 case may well be of limited value.
Both for the three- and four-state models, our results appear to be considerably more

accurate than those obtained by the Monte Carlo analysis of Del+no et al., though it
is likely that their +eld-theoretical amplitude ratios in the two-kink approximation are
more accurate than either our series work, or the Monte Carlo work of Ref. [18],
particularly for q = 4 where reliable numerical work is extremely diRcult by any
known technique.
The agreement between our estimate of the ratio �=�L at q= 3 and that of Del+no

et al. [15] eMectively eliminates the one element of uncertainty in their calculations,
the high–low-temperature normalisation. This con+rmation then means that their results
for q= 4 are not in doubt.
We have also substantially extended known series expansions for the three- and

four-state Potts models, and estimated individual amplitudes, as well as amplitude ratios.
The individual amplitudes are of course non-universal, that is to say lattice dependent,
and inaccessible to +eld theory calculations. The four-state data will hopefully be of
use in subsequent analyses when the nature of the logarithmic corrections near the
critical point are better known.
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