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Throughout this note, every algebra we consider is considered as a vector
space over one of the fields Q, R, or C and every tensor product is taken over
their respective fields.

Definition 1. A differential graded algebra (DGA) A• is a graded vector space
over a field k given by the direct sum A• =

⊕
p≥0A

p, together with

(i) a differential map d : A• → A•+1 with d2 = 0,
(ii) a (graded-commutative) multiplication Ap ⊗Aq → Ap+q satisfying

αβ = (−1)pqβα,

(iii) and d satisfies the graded Leibniz rule

d(αβ) = (dα)β + (−1)pα(dβ).

Recall that in a graded vector space A•, the degree of an element x ∈ An is
given by deg(x) = n.

Example 2. Consider the polynomial ring A • = k[x] with grading concen-
trated at even degrees given by A2n = {homogeneous degree n polynomials}.
Equipping this ring with the trivial differential d = 0 turns this into a DGA.

Definition 3. Let V • be a graded vector space over k and let V even and V odd

denote the even and odd degree components respectively. The free graded-
commutative algebra generated by V • is defined as the tensor product of the
symmetric algebra and the exterior algebra

Λ(V •) = Sym(V even)⊗ Ext(V odd).

The gradation is defined such that deg(αβ) = deg(α) + deg(β) and given a
generating element v ∈ V n, we define its degree in Λ(V •) to have the same
degree as in V •.

Definition 4. A differential graded algebra A• is said to be simply connected
if H0(A•) = k and H1(A•) = 0.

For the remainder of this note, we always assume that our DGAs are simply
connected.
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Definition 5. A simply connected DGA A• is said to be minimal if

(i) A• is free as a graded commutative algebra on generators on degrees ≥ 2,
(ii) d(A•) ⊆ A+ ∧A+, where A+ =

⊕
p>0A

p.

Note that the second condition means for any x ∈ A•, there are elements
ai, bi ∈ A+ such that d(x) =

∑
i ai ∧ bi. In other words d is decomposable.

Example 6 (minimal DGA). Consider the polynomial ring k[x, y]/(y2), re-
garded as a free commutative-graded algebra generated by x in degree 2 and y
in degree 3. The differential defined by d(x) = xy and d(y) = 0 makes this into
a minimal DGA.

Example 7 (non-minimal DGA). Consider the polynomial ring k[x, y]/(y2) as
previously. The differential defined by d(x) = y and d(y) = 0 makes this into a
non-minimal DGA. This is because the differential is no longer decomposable.

Definition 8. Let A be a differential graded algebra. A degree k Hirsch exten-
tion of A is an inclusion of DGAs A → A⊗Λ(V k), where

(i) V k is a finite dimensional vector space V , regarded as a graded vector
space concentrated at degree k,

(ii) Λ(V k) is the free commutative-graded algebra generated by V k,
(iii) the differential d in A⊗Λ(V k) satisfies d(V k) ⊆ Ak+1, and are determined

by its restrictions on A and V k.

Lemma 9. Let A be a simply connected DGA and A(n) ⊆ A be a subalgebra
generated by elements in degrees ≤ n, then A is a minimal DGA if and only if

(i) A(0) = A(1) = k is the base field,
(ii) the inclusions A(n) ⊆ A(n+1) is a Hirsch extension with extra generators

in degree n+ 1,
(iii) A =

⋃
nA(n).

We first prove the forward (⇒) direction. Suppose that A is a minimal DGA,
we want show that A satisfies (i), (ii) and (iii).

Proof. Since A is a free graded-commutative algebra generated by elements on
degree ≥ 2, it follows that A(0) = A(1) = k and that A =

⋃
nA(n). To see that

each inclusions A(n) ⊆ A(n+1) is a Hirsch extension, note that both A(n) and
A(n+1) are free commutative graded algebras. Writing S(n) for a generating
set of A(n), it is clear that we have an isomorphism A(n+1) ∼= A(n)⊗Λ(V n+1)
where V n+1 is given by the k-span of elements in S(n+1)−S(n). It remains to
be shown that the d(V n+1) ⊆ A(n). Since A is minimal, given v ∈ V n+1, the
image d(v) is a degree n+2 element in M = A+ ∧A+. Further, since

Mn+2 =
⊕

i+j=n+2

Ai ∧Aj ,

and A has no element of degree 1, it follows that i, j ≤ n. Hence Mn+2 ⊆ A(n),
which shows that A(n+1) is a Hirsch extention over A(n).
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We now show the other direction (⇐). Suppose that A satisfies (i), (ii) and
(iii), we will show inductively that each A(n) is a minimal DGA and conclude
that A =

⋃
nA(n) is also a minimal DGA. Since A(0) = A(1) = k is given by

the base field, the base case follows. We now prove the inductive step.
Suppose that A(n) is a minimal DGA, we wish to show that A(n+1) is again
a minimal DGA.

Proof. Since A(n) ⊆ A(n+1) is a Hirsch extension, A(n+1) is isomorphic to
A(n)⊗Λ(V n+1) for some vector space V n+1. By our inductive hypothesis ,A(n)
is free as a graded-commutative algebra and hence A(n+1) ∼= A(n)⊗ Λ(V n+1)
is again a free graded-commutative algebra. Next, recall that the differential of
a Hirsch extention A(n) → A(n) ⊗ Λ(V n+1) satisfies d : Λ(V n+1) ⊆ A(n)n+1.
Since A(n) generated by elements of degree ≤ n, we may write A(n)n+2 as

A(n)n+2 =
⊕

i+j=n+2

A(n)i ∧ A(n)j .

Further, it follows from condition (i) that i, j > 1 and that d is decomposable.
This shows that A(n+ 1) is a minimal DGA.
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